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Chwong I. MENH PE - TAP HQP

Muc tiéu i

Sau khi nghién ctru chuong nay, hoc sinh c6 the:

- Biét dugc cac khai niém vé ménh de, tap hop, cac phép toan tap hop, cac tap hop so, s6 gan
dung, sai sb.

- Giai duoc c4c bai tap vé ménh dé, tap hop, S6 gan dung, sai s6.

- X4c dinh dwoc cac phép toan tap hop, viét duoc cac tap hop duéi cac khoang, doan, nira
khoang, biét cach 1am tron sé gan dang.

- Say mé va yéu thich tim hiéu cac bai todn vé ménh dé, tap hop.

§1. MENH PE (1LT +1BT)

1. Kh4i niém ménh dé
MJbi ménh dé 1a mot cau khéng dinh hoac dung, hoac sai.
Mot ménh dé khong thé vira ding, vura sai.
Vidu1l:“S6 n 1onhon 4 ” (1a mot ménh dé sai)

2. Cac loai ménh dé
Cho 2 ménh dé P va Q.
Ménh dé phii dinh ciia P: ki hiéu P (khéng P)

Néu P ding thi P sai va nguoc lai

Ménh dé kéo theo: ki hiéu P=Q (néu P thi Q)

Ménh dé P = Q chi sai khi P ding va Q sai

= M¢énh dé dio: : :
Ménh d¢ Q = Pla ménh dé dao ctia ménh dé P=Q
Ménh dé twong dwong: ki hi¢u P < Q

Ménh dé P < Q dung khi P va Q cung dtng hoic cing sai

3. Ménh dé chira bién
e Ménh dé chira bién 13 cdu khing dinh ma tinh dung sai con tly thudc vao mdi gia
tri cu thé cua bién.
e Khi gan thém ki hiéu: vV (v6i moi); 3 (ton tai) thi dwoc mot ménh dé.
Vi du 2: Xét P(x) = “Xx -5 < 6” 1a ménh d& chtra bién. Khi chon x =1 ¢6
P(1)=“1-5<6(ddng), x=15cO6P(15)=“15-5<6" (sai).
Khi gan thém ki hiéu: 3, “3IxeR , X - 5 <6” 1a ménh dé dung
V,"Vx e R,x—5<6"1a ménh dé sai.

< Chuy: @ Phu dinh cua "Vx e X,P(x)"la:"3x € X, P(x)"

& Phu dinh cua "3x € X, P(x)" la:"vx e X, P(x)"

To6 Toan hoc - Khoa khoa hoc co’ ban Trang 2



4. Cac vi du
Vi du 1: Trong cic cdu sau, ciu nao 1a ménh dé:
a) “Phuong trinh: x*+4x+5 =0 c6 nghiém” ;
b) “x*>x";
¢) “Hinh chir nhat 1a hinh binh hanh ¢6 2 duong chéo bang nhau”.

Giai
a) Ménh dé sai: vi A’ =—1<0 nén phuong trinh khong c6 nghiém ;
b) Khong 1a ménh dé: vi véix =2 c6 4 > 2 (dung) ; véix =1 c6 1 > 1 (sai)
— Khing dinh vira ding, vira sai.
¢) Ménh dé dang (theo d4u hiéu nh4n biét hinh chit nhat).
Vi du 2: Lap ménh dé phua dinh ctia cac ménh dé:
a) A = “2008 chia hét cho 9”;

by B=“VxeR, x*>x";
c)C=“3neN,n*=3n-2".
Giai
a) A= “2008 khong chia hét cho 9”;
b) B="3xeR, x*<x"
¢) C="VneN,n?%3n-2".
Vidu 3: Cho ménh dé P=“AABC=AA'B'C'” va ménh dé Q = “AABC ~ AA'B'C'".
Lap ménh dé “P=Q”, “Q=P” va cho biét mdi ménh dé vira lap ding hay sai?
Giai
e (P=Q): “Néu AABC=AA'B'C' thi AABC ~ AA'B'C'” diy 1a ménh d¢ dung;
e (Q=P): “Néu AABC ~ AA'B'C' thi AABC =AA'B'C'” diy la ménh dé sai.
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BAI TAP

Bai 1. Khang dinh nao 13 ménh d&? Néu 1a ménh d¢, cho biét diing hay sai:

a)3+2=1, b) n<3,15;
c) |-5/="5; d) 4 +x>3;
e) Nam 2008 la nam nhuan; f/ Lop chung ta rat cham hoc Toan.
Bai 2. Trong cac cau sau cau nao la ménh de¢, cau nao la ménh dé chira bién:
a) Xx+y=>1; b) 2-/5<0;
Cc) x*+1=0; c) +/2 1a sd hitu ti.
Bai 3. Xét tinh dung sai cia ménh dé phu dinh cac ménh dé sau :
a) A= "VxeR,x+3<2" b) B = "VneN,n?=4n-3"
c)C="3IxeQ,x*=3"; dD= "EIXEZ,XSE";

X

Bai 4. Dung céc ki hiéu v,3 dé viét cic ménh dé:

a) Binh phuong cua mf)i sO nguyén déu 16n hon chinh no ;

b) Moi s0 nguyén to déu la so l¢ ; ‘

¢) C6 s0 hiru ti ma binh phuong cua n6 bang 5 ;

d) C6 so thyec ma so doi bang vaoi so nghich dao cia no.
Bai 5. Cho ménh dé P = “AABC can tai A” va Q = “AABCc6B=C".
Hay lap cac ménh @ P = Q,Q = PVvaP < Q.

Bai 6. Cho ménh d& chtra bién P(x): “ x = x*” v6i x 13 s6 nguyén. Xéc dinh tinh dang sai cua cac

ménh dé sau :

a) P(1) b) P(%lj

¢) IxeZ,P(x) d) vxeR,P(x)

@ Goiy: a) P(1): “1=1*"; b) Tuong tu a;
C) Ix e Z, x =x* d) Tuong tu c.
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§ 2. TAP HOQP (1LT + BT)

1. Cac Khai niém
Tap hop la mot khai niém co ban cia toan hoc, khong dinh nghia.
Gia str da cho tap hop A. Pé chi a 1a mot phan tir ciia tap hop A, ta viét: acA (doc 13 a thudce
A). Pé chi a khong phai 1a mot phan tir ciia tap hop A, ta viét: a ¢ A (doc 14 a khong thudc A).
Tap hop thuong dugc biéu dién dudi dang: néu tinh chat hay liét ké phan ti.
= Tap hop con: Tap hop A duoc goi la tip hep con cua tip B néu moi phan tir cua tip A
déu 1a phan tir ctia tap hop B.

ACBC‘)(VX,XEA:‘)XEB)

= Tép hop bang nhau:

A=Bos AcBvaBcA

= Tép rong ‘
Tap hop rong, ki hi¢u: @ la tp hop khong chira phan tir nao.

Vi du 1: Liét ké cAc phan tir cua tip A= {xe R| x*+1=0}
Phuong trinh: x*+1=0 v0 nghiém nén tp nghiém cta phuong trinh
S=9.
2. Cacvidu
Vi du 2: Hay liét ké phén tir cia tap hop A = {x eZ| (2x-1)(x*~3x-4)= o}

Giai
2x-1=0 wol
Ta c6 phuong trinh: (2x—l)(x2—3x—4):0<:> , & 2
X°—-3x-4=0 _ _
X=-1lux=4

Vi xeZ nén A={-14}.
Vi du 3: Tim tét ca céc tip con cla tap A = {a;b;c}
Giai
Cac tap con cua A la:
2:fa}: (o} ]

{a;b};{a;c};{b;c}; A
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BAI TAP

Bai 1. Viét cac tap hop sau dudi dang liét ké phan tir:

A= {X€N| (x2—4)(x2—5x+4)=0} B= {XEQ| (2x—J§) 3x2—2x):0}
C = {xez| 3x*+2x*-5x =0} D= {X€R| (2x—1)(x2+x+1)=0}
E={xeN| 2x-1<7} F={xeZ| |x<3}

Bai 2. Cho cac tap hop:
A:{XER| x2—2x+5:0} B={xeN| 3-x>0}
C={xeQ| x*-2=0} D={xeZ| 0<x<3}

a) Tap nao la tap rong?

b) Tim quan h¢ tap con, bang nhau gitta cac tap hop trén.
Bai 3. Tim tat ca cac tap hgp con ctia moi tap hop sau:

a) A= {-10,1} B = {T;0;A;N} C={xeR| x'-5x*+4=0}
Bai 4. Xac dinh quan h¢ tap con gitra cac tap hop sau:

A = {x| xla hinh thang can} B ={x | x lahinh binh hanh}

C= {X‘ X 13 hinh chit nhat } D= {X‘ X la hinh thOi} ;
E = {x\ x Ia hinh vuéng }
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§3. CAC PHEP TOAN TAP HOP (1LT + 1BT)

1. Phép hep ‘ ‘
Tap hop C gobm cac phan tir thuoc A hoac B duogc goi 1a hgp cua A va B (phan gach chéo
trong hinh).

AuBz{x‘ XEAhayxeB}

2. Phépgiao ‘ ‘
Tap hop C gom cac phan tir vira thudc A, vira thuoc B duoc goi la giao cua A va B (phan
gach chéo trong hinh).

AmB={x‘ xeAvéxeB}

3. Phép hiéu ‘ ‘
Tap hop C gdbm cac phan tir thudc A nhung khong thudc B goi 1a hiéu cia A va B (phan
gach chéo trong hinh).

A\Bz{x‘ xeAvélxeB}

4. Phan bu ] ‘
Khi B A thi A\ B goi la phan bu cua B trong A, ki hiéu: C,B (phan gach chéo trong

hinh).

5. Cac vidu
Vidu 1: Cho A = {-1,3,-5;7,-9;11;,-13;15} va B = {0;3,6;9;12;15,17}.
Xac dinh: AnB,AUB,A\B,B\A.
Giai
ANB={315};
AUB={-13-57,-9;11;,-13,15,0;6;9,12;17|;
A\B={-1-5,7,-9;11;-13}; B\A={0,6;9;12,17}.
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BAI TAP

Bai 1. Cho D ={0;1,2;3;4;5}; E={0;2;4;6}; F={0;3,6;9;12}
a) Xacdinh DNE,EUF,FND;
b) Xac dinh E\F; D\E; F\D;
¢) Xacdinh (DUF)\E; (EnF)uD; (E\D)nF.
Bai 2. a) Xac dinh cac tap hgp C A vaC,B voi
A={xeR| x*-4x-5=0}; B={xeR| 4-5x>0}
b) Xac dinh cac tap hop: E ={X eR| 2x*-bx+2# O};
F :{XGR| xs4vax2—4x+3¢0}.
Bai 3. Trong sb 4}5 hoc sinh cua 16p 10A c6 15 ban dugc xép loai hoc s;inh giéi, 20 ban duoc xép
loai hanh ki€m t6t, trong d6 c6 10 ban vura hoc luc gioi, yffé‘l co haqh kiém tot. Hoi:
a) Lop 10A c6 bao nhiéu ban dugce khen thudng, biét rang mudn duoc khen thuong ban do
phai c6 hoc luc gioi hodc c6 hanh kiém ‘gét ? o
b) L&ép 10A c6 bao nhiéu ban chua dugc xép loai hoc luc giodi va chua c¢6 hanh kiém tot?
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§4. CAC TAP HOQP SO (1LT + 1BT)

1. C4c tap hop sb di hoc
1.1. T4p céc so tw nhién N
N={0,12,3.};
N'={12,3.}.
1.2. Tap cac so6 nguyén Z
Z={..,-3,-2,-1,0123,..}.
Céc s -1,-2,-3, ... lacac 5O nguyén am.

Vay Z gom cac s ty nhién va cac s6 nguyén am.
1.3. Tap cac so hiru ti Q

:{%| a,beZ,b;tO}

Sé hitu ti cOn biéu dién dugc dudi dang ) thap phan hitru han hoac v6 han tuan hoan.

Viduy 1: %:1,25

S6 thap phan v6 han khong tuan hoan goi 13 s6 vé 1.
Vidy 2: V2,43,..
1.4. Tap ho’p cac s0 thue R

Gom céc so thap phan hitu han, v6 han tuan hoan va vo han khong tuan hoan.
«=Chuy:

N'cNcZcQcR.

2. Cac tap hop con thuwong dung cua R

o Doan: [a;b]={xeR| a<x<h} ////4/47/[ }/6/1/7/7/..
e Khoing: (a;+oo):{XE]R| x>a} ////_/ A _+f

¢ Khoing: (—o;b)={xeR| x<b} \I S
. - b
e Nura khoang:
[a;b)={xcR| a<x<b} yyyan \WAVA,
VAV NN I_ }/ 777
(a;b]={xeR| a<x<h} a b
[a;+0)={x e R| x>a}
(—0;b] = {x e R| x<b} :I//// L
Vi du 3: Phéan biét cac ki hiéu: {1;2}; (1;2); [1;2]. b

{1;2} 12 tap hop r6i chi chira hai phan tir 13 1 va 2.
(1;2) 1a mdt khoang chira v6 s6 phan tir 1a nhitng s6 16n hon 1 va bé hon 2.
[1;2] 1a mot doan chira vo s6 phan tir gdm 1 ; 2 va tat ca nhitng s6 16n hon hodc bang 1 va bé
hon hoac bang 2.
Vay: [12]\(52)={%2}
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3. Bai tip ap dung
Bai 1. Viét tap hop A dudi dang khodng, doan: A = {x e R| 4-3x>10}
Giai
Taco: 4-3x>10< -3x>6< x<-2.
Vi xeR nén B= (—oo;—Z].
Bai 2. Cho A = [-1,3) va B =(—x;1).
Xéc dinh: AnB, AuB, A\B, B\A, C,B
Giai

—© -1 3 +00
SR A
o - VAL

o
AnB=[-11); AUB=(—x;3); A\B=[13)
B\A:(—oo;—l); CRBI[].;—FOO).

BAI TAP

Bai 1. Pién vao chd con trong (...) trong bang dudi day:

2<x<5 x €[2;5)
-3<x<2 XEuirvrinn..
............... X e [—1;7]
............... X e (—00;3]
x>0 XE.vvvirnn..

Bai 2.Viét cac tap hop sau dudi dang khoang, doan:

a) A= {xeR| x<3} b) B= {xeR| 1<x<3}
c) C= {xeR| 2x-1>0} d) D= {xeR| |x<1}
e) E= {xeR| 5-4x<0} f)F = {xeR| x*<4}
Bai 3. Xac dinh ANB; AUB; A\B; B\ A vdi:

a) A= (-53) va B=(-7;0) b) A= [1;5] vaB = (4,5;+x)

C)A= {xeR| -1<x<5} va B= {xeR| x>2}

d) A={xeR| 2x-1<0} vd B= {xeR| -2<x<3}

Bai 4. Cho A = [x;x+1]; B=[25]

a) Timx dé AcB: b) Tim x d&¢ BC A ¢) Timx dé AnNB=0
X+1<2

X+1< 5<X+1 X>5

Bai 5. Cho A = (—oo;X] va B :(2;+oo)
a) Timx d&& AnB=; b) Timx 4 AUB=R.

. X22 22>
@’Gmy:a)AcB@{ 5;b) BcA@{ C) AmB:QC{
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§5. SO GAN PUNG. SAI SO (1LT)

1. S6 gin diing

Két qua cua do ludong 1a mot sd gan ding. Trong do dac, tinh toan ta thudng chi nhan dugc cac

sO gan dung.

2. Sai sb a
2.1. Sai s6 tuyét doi

a la s6 gan ding cua s6 dung a .

Néu A, <d. Khi d6, ae[a—d;a+d]. Thuong viét: a=a+d
Ta nodi: s6 a co do chinh xéac 1a d
2.2. Sai so twong doi

3. S6 qui tron
< Nguyén tic 1am tron so:
e Qui tron dén hang nao thi tat ca cac chit s6 bén phai hang d6 thay bang chit s6 0;
e Néu chir s6 ké bén phai hang qui tron 16n hon hay bang 5 thi phai ting thém mot don vi
vao hang qui tron.
&Chi y: o chinh xac cua s6 qui tron bing nira don vi cua hang qui tron.

4. Cac vi du
Vi du 1: a) Lam tron s a = 2389,4615 dén hang chuc, hang phan tram;
b) Viét s6 qui tron ctia s6 b = 3,1463 biét b=31463+0,001.
) Giai
a) Lam tron dén hang chyc:
Chir s0 lién ké bén phai hang chuc 12 9 (ma 9 > 5) nén cong thém 1 don vi

vao hang chyc. Vay: a~2390. o ‘
Lam tron dén hang phan tram: Chir s6 lién ké bén phai hang phan traim 1a 1 (ma 1 < 5).

Vay: a~2389,46.

b/ S6 b ¢6 do chinh xac 13 0,001 nén ta 1am tron sé b dén hang phan tram

Vay: b~3,15
Vi du 2: Xéc dinh chit s chic cia cac s sau:
A =2,47865 (+0,00312) B = 987123456 (+650)
Giai
e (C00,00312 < 0,005 = d6 chinh xac nho hon nira don vi hang phﬁn tram

Ma chir s6 hang phan tram 1a 7
Viy céc chit s6 chic ciiasd A1a 2;4:7 (gdm 7 va céc chit s6 bén trai nd)
C6 650 <5000 = d¢ chinh xac nho hon nira don vi hang chuc nghin

Ma chit s6 hang chuc nghin 1 2

Vay céc chit s6 chic ciasé B19,8,7, 1,2
Vi du 3: Mot hinh chir nhat ¢6 cac canh: x =4,2m + 1cm;y =7m +2cm.

To6 Toan hoc - Khoa khoa hoc co’ ban Trang 11



Chutng minh rang chu vi P cta hinh chit nhat1a P = 22,4m + 6cm.

Giai
Taco:P=2(x+Yy) =~ 2(4,2+7)=22,4m
Lai c6: 2(1 + 2) = 6cm
Vay P =22.4m + 6cm

BAI TAP
Bai 1. Lam tron cac sO sau ddy: a = 9145,76238; b = 27394,10075.
a) ben hang don vi; b) Bén hang phan nghin.
Bai 2. Hay Viét cac sb gan dung cua +2; 5 véi:
a) 4 chir sb thap phan; b) 2 chit s6 thiap phan.
Bai 3. Hay viét sd qui tron cia céc sb gan dung x, y biét:
a) x =1356,5(+0,1); b) y=1357,25(+0,01).

Bai 4: a) Dan s6 cia mot tinh 1a M = 2731425 (nguoi) + 200 (nguoi). Hoi trong s6 M chi s6 nio
1a chic?
b) Chiéu dai mot cai cau do duoc 1a N = 174525m + lem. Xéc dinh chit s6 chac ctia N?
¢) Viét cac sd gan ding: 2731425; 1745,25 dudi dang chuan
Bai 5: Cho biét d6 chinh x4c cta cac s6 gan dung trong cic cach ghi sau:

a) Gia tri J5 ~ 2,236
b) Dan s Viét Nam nam 2005 vao khoang 83.10° nguoi?

TONG KET CHUONG I (1BT)

1. Ménh dé
Véi hai ménh dé P va Q:
» P:phudinh cia P
» P = Q:ménh d¢ kéo theo
» Q= P:ménh dé dao cia ménh dé P=0Q
> P < Q:ménh dé tuong duong

2. Tap hop . ‘
*Tap con Ac B < Moi phan tir cia A déu thugc B

AmB:{x‘ XEAV&‘IXEB}
e C4c phep tinh:

AuB={x‘ xeAhayxeB}

3. S6 gin ding a=axd

a: Sb dung; a: S6 gan dung; d: Do chinh x4c cua sb gin ding
Sai s6 tuyét dbi: A, :‘5—a‘; A, <d

o

b. Sai s6 twong ddi: &, = ||

C. Chir so trong a duoc goi la chir so chac néu d khong vuot qua nira don vi cua hang
chura chir so.
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‘ BAI TAP
Bai 1. Cho cac ménh dé:

A="3xeQ;x*<-2x+3" = "VXEN*;X>1"
X
C="dxeZ n*>+1:3" D="vVxeR:x*-3x+5=0"

a) Hay xét tinh ding sai ciia mdi ménh dé;
b) Lap ménh dé phu dinh cua né.
Bai 2. Cho 2 ménh dé&: P = “T gidc ABCD I hinh thoi” va Q = “Tt gidc ABCD ¢4 hai duong
chéo vudng goc va cit nhau tai trung diém mdi duong”.
a) Lap ménh dé kéo theo “P=Q”. Chiing t6 ménh dé nay la mgt dinh Ii;
b) Phat biéu dinh 1i d6 theo cach dung thuat ngir “diéu kién can”, “diéu kién du”;
¢) Phat biéu dinh li dao cua dinh 1i trén.
Bai 3. Dung phuong phap phan chimg ching minh cac dinh li sau:
a)Néua+b <2 thi trong hai s6 a va b phai c6 it nhat mot sd b hon 1;
b) Cho n 1 s6 ty nhién, néu 5n + 4 12 s 1é thi n 13 s6 1é.
Bai 4. Xac dinh cac tap hop AnB, AuUB, A\B, B\A

a) A:{x eZ| (x2 —3x)(2x2 —3x+1) :0} va B= {x eN| xi3va x<10};
b) A={xeN'| 9-2x>0} va B={xeQ| (x-+3)(x-3)(2x-1)=0};
) A=[-3;2) va B={xeR| x>-1};
d) A={xeR]| [x<1} va B={xeR| 0<x<3}.
Bai 5. Xac dinh phan bu cta cac tip hop sau trong tdp R :
a) A={xeR| 4-x*=0}; b) B={xeR| 2x-3<0};
c*) C={xeR]| [x|>3}; d*) D={xeR| 2x*-3x-5%0}.
Bai 6. Viét s6 gﬁn dlng cua J5; #2 +4J7 c6 hai, bdn chit sb thap phan.
Bai 7. a) Chicu dai cua mot cdy cau 1a a = 1645,36m +=1cm .
Hay viét s6 qui tron cua s6 gan ding 1645,36. o
b) Gia tri gan dung cua n 1a a = 3,141592653589 v&i do chinh xac 1a 107 Hay viét s6 qui
tron cua a. ‘
Bai 8. Mot bé ca c¢6 dang hinh hop chit nhat c6 chiéu rong a = 60,5+ 0,1cm;

Chiéu daib=1423+ 0,2cm va chiéu cao h=81,5+0,3cm.
Hay tinh dién tich day va thé tich cta bé do.
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Chuwong II. HAM SO BAC NHAT VA BAC HAI

Muc tiéu
Sau khi nghién ctru chuong nay, hoc sinh c6 thé:
- Biét duoc cac khai niém vé ham so bac nhat, ham so bac hai.

- Giai dugc céc bai tap vé ham sb bac nhat, ham sé bac hai.

- X4c dinh duoc tap xac dinh ctia ham s, xac dinh giao diém caa cac ham s trén cing hé
truc toa do.
- Biét khao sét su bién thién va vé& db thi cia ham sé bac hai va cac bai lién quan.

- Say mé va yéu thich tim hiéu cac bai toan vé& ham sé bac nhat, bac hai.

§1. HAM SO (1LT + 1BT)

1. Pinh nghia

Cho tap s6 D= @ va D < R. Ham s f xac dinh trén D 1a mot quy tac dat twong tmg mdi s6 x €
D, v&i mot va chi mot so f (x).

e Tap D goi 1 tdp xdc dinh ; S6 x goi 12 bién s6
o SOf(x) goilagia tri ciia ham f tqi x.

Vi du 1: Xét ham s f(x) = XL
x-1
. N iz a1a A 13 _2+1
Tai x = 2 thi gia tri ham so 1a f(2) = ﬂ:3

Ham s6 xac dinh khi x-1#0<> x#1. Vay tap xdc dinh D =R\ {1}.

Tap x4c dinh ciia ham s6: gdm tit ca cac sb thue x sao cho f(x) xac dinh (c6 nghia).

= Chuy: 29P(x) ;neN x4c dinh < P(x)>0 ; [1;8 xac dinh<«< B(x) #0

2. Db thi

Trong mit phiang (OXxy), tap hop cac diém (x,;f(x,)) véi X, € D, goi 1 dd thi cia ham
y = f(x).
3. Tinh bién thién

Cho tap K < D.

e Ham s f goi 12 dong bién (ting) trén K néu: vx,,x, € K,x, <x, = f(x,) <f(x,)
e Ham s6 f goi 12 nghich bién (giam) trén K néu: vx,,x, € K,x, <x, = f(x,) > f(x,)

% Dinh Iy
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VX, X, € K, X, #X,, M>O<:> Ham s f ting trén K
X5 =X,

VX, X, € K, X, #X,, M<O < Hamso f giam trén K
Xy =X,

Vi du 2. Xét ham s6 f(X) = 2x -1 ¢6 tap xac dinh D= R nén vx, #x, e R thi:

FOG)—T(x) - (2%, -1)-(2x, -1 _ 2(x, —X,)
X, =X, X, =X, X, =X,

=2>0.Vay ftang trén R.

4. Bang bién thién ham sb

Dién ta ham s6 nghich bién, hay dong bién trén cac khoang ta dung chiéu miii tén di 1én
hodc di xudng. Két qua dé dugc tong két trong mot bang goi 1a bang bién thién.

X —o0 2 +00

y=x°—4x +3 +\ +0

-1

5. Tinh chén, 1é
Ham s6 y = f(x) ¢6 tap xac dinh D.

e VxeD co: —xeDvaf(-x)=F(x) <f laham s chin
e VxeD co: —xeDvaf(-x)=-f(x)<f lahamsb 1é

Do thi ctia ham sb chin ddi xung qua truc Oy, d thi ctia ham sé 1¢ ddi xung qua tam O la géc
toa do.

Vi du 3: Xét ham s y = f(x) = - 2x°. Tap xac dinh D= R nén vxeDthi -xeDVa
f(-x) = —2(-x)? =—2x>= f(x). Vay ham sb chan va d6 thi ctia no d6i xting qua truc Oy.

6. Bai tap ap dung

Bai 1. Tim tap xAc dinh ctia ham sb: y = 24_;(
X -
Giai
4-x=>0 x<4

Ham sé y x4c dinh< =
2x—-5=0 X¢§

Tép xac dinh D =(-o0; 4]\ {g}

Bai 2. Cho ham sé f(x) = —~—,
X—-3
Xét tinh dong bién hay nghich bién ciia ham sd trén khoang (3;+0)
Giai
Tép xéac dinh D = R\{3}. Khoang (3;+)cD
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V X1, Xp €(3;+0) VA X1 X, ta co

1 1 X, —3-X,+3 X, —X
f —f = _ _ M 2 _ 1%
Oxz) 1) X,—3 X, -3 (X,-3)(%,—-3) (%, —3)(x,—-3)
— f(XZ)_f(Xl) _ X=X, 1 _ -1
X, — X, (x,=3)(%,—=3) X, =%, (X, —3)(x,-3)
Vi X, X, €(340) =X >3V X, >3 = 1 <0

(x,-3)(x,—3)
Vay ham sb f nghich bién trén khoang (3;+0)

4 _ 2
Bai 3. Xét tinh chin, 1¢ ciia ham s6 y = f(x) = X% 1

Giai
Tap xac dinh D = R\{0}

(—x)"=3(-x)"+1  x*-3x’+1
—X "

vVxeD = -xeD, f(-x)=

To6 Toan hoc - Khoa khoa hoc co’ ban
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BAI TAP

Bai 1. Tim tip x4c dinh cac ham sb:

1 1
Q) y==x-3; b) y==x%
)y 5 )y 2

X+3 2X+3
dy=—"—-_: e) y= :
)y X?—3x+2 ) X?—x+1
Bai 2. Tim tip xac dinh cac ham sb:

a) y=+3x-5; b) y= ZX:’;

d) y=v5-x+5+x; e) y= Xx—l;
Bai 3. Cho ham s6 y=f(x) =-2x+6
a) Tinh f(0); f(g); f(a+1);

b) Tim x dé f(x) =0; f(x) = 3.
Bai 4. Cho ham s6 y=f(x) =x?—3x+2
a) Tinh  f(2); f(@a-5);
b) Timx dé f(x)=0; f(x)=-2;, f(x)=12.

C)y= x-1
5_4x
x2=2

ly=—-——#——.

)y (X+2)Jx+1

Bai 5. Ching minh rang cac ham so sau ddy dong bién trén khoang d chi ra:

a) y="f(x)=x*-2x trén khoang (2;-+o);

c) y=x* trén (—oo;+o0);

b) y= _LZ trén khoang (2;+).
X_

d) y=+/x trén khoang (0;-w).

Bai 6. Ching minh rang cac ham sb sau nghich bién trén khoang da chi ra:

a) y=f(x) =x*—4x+3 trén khoang (—o;2);
C) y=+/4—x trén khoang (—o;4);

Bai 7. Chirng minh cac ham s6 sau day 1a chén:

a) y=f(x)=x*; b) y=|[x-2|+|x+2|;¢) y=v2-x++2+x; d) y=

Bai 8. Chirng minh cac ham s sau day 1a 1¢é:

b) y __2 trén khoang (-5;+o0).
X+5

X+3

d) y="— trén khoang (—w;-2).
X+2

V3=X +4/3+X

x*—4

a) y="Ff(x)=x>-3x; b) y=3x-2|-[3x+2)|.
X V3+X —+/3-X
= ; d y= :

O y=rry )y X2

To6 Toan hoc - Khoa khoa hoc co’ ban
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2. HAM SOy = ax+b (1LT + 1BT)

1. DPinh nghia
Ham s6 bac nhét 1a ham sd ¢6 dang: y=ax+b (a=0).

2. Tinh chat
a) Tap xac dinh: D = R

b) Tinh bién thién

X —00 +00 X —00 +o0

y=ax+b +00 y=ax+h +00
(a>0) _OO/ (a<0) \_Oo
& Khi a >0 ham s6 dong bién trén R. & Khi a < 0 ham s6 nghich bién trén R .

¢) Tinh chan, 1¢

> b=0 ham sé y=ax 1a ham sb 1é.

> b # 0ham s y = ax + b khong chin, khdng 1¢.

d) Do thi: 1a dudong thang cat truc Oy tai (0:b) va cét Ox tai (%b;oj

Puong thing y = ax + b ¢6 hé sd goc 12 a.

Chu y: 1) Cho hai duong thing (d): y=ax+b va(d ):y=a x+b .
o @[()maz=a VA b=d

o (dy=(d)=a=d va b=b

o (d)cit(d)=azd

2) Moi dudng thing trong mit phiang (Oxy) déu ¢ phuong trinh dang:
ax+by+c=0.
Pic biét: a) (d): y =m clng phuong véi Ox va di qua diém (0; m);

b) (d): x =n clng phuong v6i Oy va di qua diém (n; 0).

3. Cacvidu
Vi du 1: Lap phuong trinh dudng thang di qua M(2;1) va N(1;-1)

Giai
CO Xm = 2 # Xy = 1 nén duong thang MN khong song song v6i Oy
Goi phuong trinh dudng thang (MN): y=ax + b

{I\/I(Z;l)e(MN) @{1:2a+b @{azz

N(L-1)e(MN) ~ |-1=la+b ~ |b=-3

Vay phuong trinh dudng thang (MN): y = 2x — 3.
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e . pl . 4 yi >
Vi du 2: Lap bang bién thién va v& db thi ham sé y = {_Xx++2 4"3(; iXX— <11

Giai
Tap xac dinh: D= [1; +00) U (—o0;1) = (—o0;+0) =R

Bang bién thién:  khix=1=1y=3

X —0 1 +00

Y e \ / e
3

D6 thi: V& nhanh I: d6 thi y = x + 2 véi x>1 -
X=1=y=3;, x=2=y=4 \\/
3

Nhanh | 1a tia c6 diém dau 1a (1; 3) va di qua

(2;4)
V&nhéanh I1: d6 thi y = - x + 4 véix < 1 = 3
Xx=1=y=3" ; x=0=>y=4
Nhanh 11 1 tia c6 diém dau (1; 3) va di qua
(0;4).
Trang 19
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Bai 1.

Bai 2.

Bai 3.

Bai 4.

Bai 5.

Bai 6.

BAI TAP
Tim gia tri cia m sao cho dd thi cua ham s6 y=2mx+m+1
a) bi qua diém A (1 ; 2);
b) Song song voi dudng thing y = 4x;

¢) Cat truc hoanh tai diém c6 hoanh d6 bang -3.
V& do thi cia cac ham so:

a) y=2x-3; b) y=+/2;

—-X+2 X222 X+2 X>-2
C)y= : d) y= .
)y { 3 X<2 )y {5—2x X <=2

Lap phuong trinh duong thang (d) khi biét:
3) (d) qua diém A ( -1 ;2) va c6 hé sb géc béing _%;

b) (d) qua 2 diém A (1; -3) va B (0; -5);

c) (d) qua diém A (4; 3) va song song voi duong thang (d,):x+2y—4=0.
Cho duong thang (d):y=5-4x.

a) Tim giao diém cua (d) véi cac truc Ox, Oy;

b) Tim giao diém cua (d) voi (d,):y=2x+3;

¢) Tim giao diém cua (d) voi (dp):y =3;

d) Tim giao diém cua (d) v6i (dg): x=-1.

V& do thi cia mo1 ham so sau va lap bang bién thién:

a) y=[2x+1; b) y=-2|x+1; c. y=2[x]-1.
Lap phuong trinh duong thiang (d) khi biét:

a) (d) di qua A2 ;- 1) vaB (2; 3);

b) (d) vudng goc (d’): y = 2x — 1 va cit truc tung tai diém c6 tung do 1a 8;

¢) (d) di qua gdc toa d6 va goc tao boi tia Ox véi phan dudng thang (d) nam trén tryc hoanh

c6 s6 do 12 30.°

#Goiy:b) (d)y=ax+b;(d):y=ax+b ; (d) L) < aa’ =-1

c¢) Hé s6 goc a=tana véi ala s do goc tao boi tia Ox va phan dudng thang (d) nam trén

truc hoanh.
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§3. HAM SO BAC HAI (1BT + 1LT)

1. DPinh nghia
Ham s6 bac hai 1a ham s ¢6 dang: y=ax?+bx+c trong d6 a, b, ¢ 1 nhitng hing sb
voia=0.
2. Tinh chat
a) Tap xac dinh: D = R
b) Tinh bién thién

X - 00 _E + o0 X - 00 _E + oo

2a 2a

y=ax’+bx+c y=ax*+bx+c A
(a>0) (a<0) / 4a \
I - 00 - 00

¢) Tinh chan, 1¢
e b=0: Ham s y = ax® + ¢ 1a ham s chén .

e b= 0: Ham sé y = ax? +bx +c = 0 khong chin, khong 6.

d) Db thi: Parabol (P) c6 dinh |(;—:;%j Vi 06 truc déi xtmg I3 dudng thing x ;—b
a

3. Cac vidu

Vi du 1: Khao sat va v& db thi ciia ham s6: y = X - 4x +3
Giai

Tap xd&c dinh D = R

PinhIcotoadd:x, = — = —2 Y= (X )2 —4.(x)+3=22 - 42 +3=-1.

2a 21
Vay I(2; -1).
Truc dbi xtmg X = 2

Béng bién thién

X —o0 2 +00

y=x°—4x+3 +o0 /+oo
\_1

Vi du 2: Cho Parabol (P): y = -x? + bx + ¢
a) Tim b, ¢ biét (P) co dinh I (1 ; -1);
b) Tim giao diém cua (P) va dudng thang (D): y = 3x — 2.
Giai

V.
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a)Taco:x = —2£=1 <b=-2a <b=-2(-1)=2
a

1(1;-1) e P)< -1=-1+bl+c < b+c=0 b=2 = c=-2
b) Co (P):y=-x* +2x—2 va (D):y=3x-2
Phuong trinh hoanh d¢ giao diém cua (P) va (D):

X A2X—2=3X-2 &> Xx*+x=0=x=0vx=-1
Théx=0vaoy=3x—2 =y =-2
Théx=-1vaoy=3x-2 =y=3(-1)-2=-5,
Viy 2 giao diém 1a (0;-2); (-1; -5).

BAI TAP
Bai 1. Khao st su bién thién va v& dd thi cta cac ham sd:
a) y:—%xz; b) y=x*-2.
C) y=-x*+4x; d) y=x*-2x+2.

Bai 2. Khao sat su bién thién va v& do thi cta cac ham sd:
1
a) y=03B-x)5 b) y =3 (x~2)°

Bai 3. V& do thi cia moi ham so sau:

a) y= -X+1 x<-1 b) y= —X x<0
Y21 %243 x>1° Y21 x242x x>0

Bai 4. Viét phuong trinh ctia Parabol (P): y=ax?+bx+2 (a=0). Biét,
a) Parabol di qua A (1; 5) vaB (-2 ; 8);

b) Parabol di qua A (3; -4) va c6 truc ddi xtng 1a x = —g;
¢) Parabol c¢6 dinh I (2; -2).
Bai 5. Tim giao diém cua dd thi cac ham s6 sau day:
Trong mdi trudng hop vé dd thi cua ching trén cung hé truc toa do.
a) y=x-1 va y=x>-2x-1;
b) y=2x-5va y=x*—4x+4;
C) y=x’-xva y=-x*-2x+3.

Bai 6. a) Cho hai Parabol (P,) y=2x? va (P,): y=2(x—4)? c6 thé dung phép tinh tién nhu thé
nao dé nhan dugc (P,) tir (Py);

b) Ciing hoi twong tu voi (Py). y =2x* va (P,): y=2x*+4x-3.

Bai 7. a) Tim gia tri 16n nhat, nho nhit ciia ham sé: y=x%-2x voi 0<x<3;
b) Tuong tu ham sb: y=-x2+5x—4 véi 0<x<3.

Bai 8. a) Khao sat va v& do thi (P):y =x?-2x;

b) Dung d6 thi (P) bién luan theo m s nghiém phuong trinh x? —2x =m,
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ON TAP CHUONG II (1BT)

------ 3% kK (G -----
1. Hé thdng kién thirc
P(x)>0
./P X
e Tap xéc dinh: L xac dinh < P(x) > 0; —() xac dinh < {Q(x) 20
JP(X) Q(x)

e Hamsb y=f(x) c6 tip xac dinh D va K<=D. VX, X, € K; X, #X,
f —f 3 . f —f .
M >0« fdong bién trén K ; M <0< fnghich bién trén K
Xy =Xy X, =%y
e Hamsb y =f(x)co tap xac dinh D. VxeD c6—xeD, f(-x) = f(x) < f la ham sd chén ;
f(-x) = -f(x) = f 1a ham s 1é.

e Tinh bién thién ctia hdm s6: y=ax + b (a=0)

X —00 400 X —o0 400

y=ax+hb +00 y=ax+b +00

(a>0) m/ (a<0) \—oo

e Tinh bién thién cta hdm sb: y =ax? + bx + ¢ (a=0)

X -0 _£ + o0 X -0 b + oo
2a 2a

y=ax’+bx+c

+ o0 + o0 y=ax’+bx+c A
(a>0) (a<0) / 4a \
_A - 00 - 00
4a

e Cho ham s6: y = f(x) ¢6 d6 thi (Gy) va y = g(x) c¢6 dd thi (G,). Mudn tim giao diém cia

=f(x
(Gy) v (Gy) ta giai h¢ {y ( ; hodc giai phuong trinh f(x) = g(x). Tur x tim y.
X
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BAI TAP
Bai 1. Tim tap xac dinh ctia cac ham so:

a) y= V. b) y=x+2++5-X;

x-1

0) y= 2x-1 | d*) :\/x—1+\/4—x_
Y= =2’ y (x-2)(x-3) '

Bai 2. Lap bang bién thién cua cac ham sb:

a) y=-3x+5; b) y=[2-x];
C) y=x*—4x+5; d) y=—x*-x+3.
Bai 3. Bang dinh nghia xét tinh bién thién ctia ham s y = x__+1
Bai 4. Xét tinh chin, 1é cta cac ham sb sau:
a) Y=oy b) y=+/x2 +x% C)y:)|(xz|—:i'; d*) y=|x|+|x-1

Bai 5. V& d6 thi cta cac ham sb sau trén cung mat phéng toa d6 rdi xac dinh toa do giao diém
cua chung:
a) y=—x+3 vay=-x*—4x+1,
b) y=2x+6 va y=x*—-5x+6;
c*) y=|x| vay=-x*+2x+2;
Bai 6. Cho ham s6 y=x?+mx+m-1
a) Khao sat su bién thién va v& do thi ham sd véi m = 4;
b*) Tim cac diém cb dinh ma ho Parabol y = x?+mx+m-1 di qua khi m thay d6i.
Bai 7. Cho d6 thi (P) y=-x?+2x. S& dugc dd thi ham s nao néu tinh tién (P):
a) Xudng duéi 3 don vi;
b) Sang trai 2 don vi roi 1én trén 5 don vi.
Bai 8. V& db thi cta cac ham sb sau r6i 14p bang bién thién cta né:
2x  x<0

8 y= Z_x x>0

3
Ex—z‘ b)y—{x
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Chuwong |11. PHUONG TRINH VA HE PHUONG TRINH

Muc tiéu
Sau khi nghién ctru chuong nay, hoc sinh c6 thé:
- Biét dugc cac khai niém vé phuong trinh va hé phuong trinh.

- Giai duoc c4c bai tap vé phuong trinh quy vé bac nhat, ham sé bac hai nhu phuong trinh
chtra an trong dau gid tri tuyét ddi, phuong trinh chira an duéi dau can.

- Giai duoc hé phuong trinh bac nhit hai an bang dinh thtic, bing may tinh bo tui.
- Giai duoc hé phuong trinh bac nhat ba an.
- Say mé va yéu thich tim hiéu cac bai toan vé phuong trinh, va hé phuong trinh.

§1. PAI CUONG VE PHUONG TRINH (2LT + 1BT)

1. Phwong trinh mét 4n
Pinh nghia: Cho ham s y=f(x) va y=0(X) c6 TXP lan luot D, va D,
,dat D=D; ND,. Ménh dé f(x)=g(x) dugc goi 1a phwong trinh an x.
X: goi 1a an. D goi 1a TXD ctia phuong trinh.’ ‘
SO x, € D la mdt nghiém cia phuong trinh néu f(x,) =g(x,) la ménh dé dung.

2. Phwong trinh twong dwong
f,() =0,(x) & f,(x) =g, (x) (chling 6 cling tap nghiém)
Pinh i 1: Cho f(x)=g(x) ¢ TXP: D, y=h(x) la ham sé xdc dinh trén D ta c6:
F(x)=9(x) & 1(x)+h(x) =g(x) +h(x)
f(X) =g(x) & f(X).h(x)=g(x).h(x) néu h(x)=0,vxeD

3. Phwong trinh hé qua
f.(X) =9g,(x) goi la phuong trinh hé qua cta phuong trinh: f(x) =g(x) néu tap nghiém cua né

chtra tip nghiém cua phuong trinh f(x) =g(x). Ta viét:
f(X)=9(x)=1,(x) =9,(x)
Vi du 1: Cho phuong trinh: v/x =2-x (1) ¢6 tap nghi¢m S, = {1}
Binh phuong hai vé ta dugc phuong trinh méi: x =4 —4x +x*(2) ¢ tap nghiém S, = {1,4}.
Nhan xét: S, ¢ S, ta néi phuong trinh (2) 1a phuong trinh hé qua cta phuong trinh (1).

Dinh li 2: Khi binh phwong hai vé ciia mot phwong trinh ta dwoc phwong trinh
hé qua ciia phirong trinh da cho: f(x)=g(x)=[f (x)]2 = [g(x)]2

Vi du 2: Cho phuong trinh |[x-1=x-3 (1)
Binh phuong hai vé ta dugc phuong trinh hé qua:
X?—2X+1=%X*—6X+9 <> X =2
Thur x =2 khong thoa (1).Vay phuong trinh da cho v6 nghiém.
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4. Phwong trinh nhiéu an
Phuong trinh nhiéu an 1a nhitng phuong trinh ¢6 dang: F(x,y) =G(X,y), F(X,V,z) =G(X,Y,2),...

Vidu3: —x+2y+3=2x"+4xy—-y* (1)

Vidu4: 2x + 5y + 2z = Xyz

Céc khai niém vé TXD, tap nghiém, phuong trinh trong dwong, phuong trinh hé qua, ...
tuong tu nhu ¢ phuong trinh mot 4n.

5. Phwong trinh chira tham sé
Phuong trinh chira tham s 1a nhirng phuong trinh trong d6 ngoai cac an con c¢6 nhiing chit khac
(tham sb).

6. Bai tap ap dung
Bai 1: Tim diéu kién x4c dinh rdi suy ra tap nghiém phuong trinh:

XI-2x=x=1-6 (*)

Giai

Piéu kién x-1>0<x>1
(*) > -2x=-6<x=3 (thoa dkpt)
Vy tap nghiém phuong trinh: S={3}

Bai 2: Giai phuong trinh (x2 —4x+3)\/2—x =0 (*)

Giai
2-x20 X<2 X<2
QR J2-x=0 © 2-x=0 < X=2
x?—4x+3=0 x*—4x+3=0 Xx=1vx=3
Vay tap nghiém cua phuong trinh S={1;2}.
BAI TAP
Bai 1. Tim diéu kién xac dinh ctia mdi phuong trinh sau rdi suy ra tip nghiém cta né:
a) VX ==x b) 3x—VX—2=+2—x+6
C) ‘3_; =X++/X~-3 d) X+Xx-1=+-X
X_
Bai 2. Giai cac phuong trinh:
a) X+VX-1=2++/x-1 b) X++/Xx-1=05++x-1
¢) X _ 3 d) X 2
2UX-5 +/x-5 2Ux=5 x-5
Bai 3. Giai cac phuong trinh:
1 2x-1 1 2xX -3
) X+——= b) x+——=
x-1 x-1 X—2 X-2
c) (x2—3x+2)\/x—3:0 d) (xz—x—Z)\/x+1=O
Bai 4. Giai cac phuong trinh sau bang cach binh phuong hai vé ctia phuong trinh:
a) Vx-3=+9-2x b) Vx-1=x-3
c) 2x—-1=x+2 d) [x-2|=2x-1
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§2. PHUONG TRINH QUY VE

PHUONG TRINH BAC NHAT, BAC HAI (2LT +2BT)

1. Phwong trinh bac nhat
ax+b=0 (*)

e a=0: (*) co mot nghiém duy nhat x = b
a

e a=0 3 b=0:(*) vo nghiém

e a=0 3 b=0:(*) c6 nghiém ding v61 mo1 xR

Vidu 1: Giai va bién luan phuong trinh sau: m°x+2=x+2m (*)

Giai
pt<> m?x—x=2m-2
e (m’-1)x=2(m-1)

e Khim#+lem? —120=pt (*) co nghiém duy nhat x =

e Khi m=1, (*): Ox=0= phuong trinh c6 nghi¢m vx € R
e Khi m=-1, (*): Ox=—4 = phuong trinh v6 nghi¢m

Vay:

[ J

[

2. Phwong trinh bac hai
Dang: &’ +bx+c=0

e m=zxl:pt(*)conghiém x= Ll (tdp nghiém S= {L})
m+

m+1

m=-1: (*) vé nghiém (tdp nghiém S=)
m=1: (*) nghiém dung véi moi x e R (tdp nghiém S=R)

e a=0:trd vé giai va bién luan phuong trinh
bx+c=0

e a=0:tinh A=b*-4ac
e A>0: phuong trinh c6 hai nghiém phan

biét:
—b+/A —b-JA
1= VX, =
2a 2a
e A=0: phuong trinh c6 mdt nghiém kép
x=-2
2a

e A <0: phuong trinh v6 nghiém

e a=0: Trd vé giai va bién luan phuong trinh
bx+c=0

ea=0:tinh A'=b"*-ac
e A'>0: phuong trinh c6 hai nghiém phéan

biét:
Xl:—b +/A sz—_b —JA
a a
e A'=0: phuong trinh c6 mdt nghiém kép:
x=—2
2a

e A'<0: phuong trinh v6 nghiém

= Chuy: Néu x,,X,1a hai nghiém ctia phuong trinh ax? +bx+c =0 thi

ax’ +bx+c=a(x—x,)(X—=X,)
Vi du 2: Gidi va bi¢n luan phuong trinh sau theo
A'=2"—(-m+5)=m-1

* M<1< A'<0=pt (*) vo nghiém

e Mm=1=A'=0=pt (*) co nghiém kép x, =X,

m: x*—4x-m+5=0 (*)

!

:——:2
a

e Mm>1<A'>0=, pt(*) c6 hai nghiém phén biét : x,, =2+vm+1
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3. Ung dung cia dinh li Vi-ét
Hai s6 X, Va X, 1a cac nghiém ctia phuong trinh bac hai

ax® +bx+c¢ =0 khi va chi khi chiing thoa mén cac hé thirc :
X, +X, = b VA XX, = =
1 2 a 17%2 a

Nguoc lai: Néu hai sé u+v=S va uv=P thi u,v 1 hai nghiém cta
phuong trinh : x> —-Sx+P=0
Pinh li: Cho phuong trinh bac hai ax® +bx+c=0 c6 hai nghiémx, va x, (X, <X,).

pit s=—2 va p=S. Kni do,
a a

e Néu P <0 thi x, <0< X, (hai nghiém trai dau )
e Néu P>0va S>0 thi 0<Xx, <X, (hai nghiém duong )
e Néu P>0va S<0 thi x, <x, <0 (hai nghiém 4m )

Vi du 3: Phuong trinh: (1-+/2)x? —2(1+/2)x+/2 =0
Tacd a=1-+/2<0 va c=+/2 >0 nén P < 0.Vay phuong trinh c6 hai nghiém trai du.

4. Phwong trinh quy vé bic nhit, bic hai

4.1. Phwong trinh chira 4n trong déu tri tuyét doi
B>0

@Dang1: |A|=B<<[A=B
{A --B

Vidu 4: Giai phuong trinh: |[x-3=2x+1
Giai

2Xx-1>0 =
Pt d[x-3=2x-1 < i[x=-2 :X:g
x-3=—(2x-1) 4

A=B

< Dang 2: |A|:|B|C>{A:_B

Vi du 5: Giai phuong trinh
|2x+1 =|x—3|
Giai
2X+1=x-3
2X+1=—(x-3)

X=-4
< 2

X =—
3

4.2. Phwong trinh chira 4n dwéi diu cin
< Dang 1:

JK:@@{BZO

A=B
B>0
A =PB?

Pt@{

& Dang 2: \/K=B<:>{

To6 Toan hoc - Khoa khoa hoc co’ ban Trang 28



Vi du 6: Giai phuong trinh
1) 2x-5=+/x-1
2) J2x-3=x-2

Giai
1) +2x-5=+/x-1 @{

x-1>0 x=>1

&
2X-5=x-1 X =2(n)
Vay nghiém phuong trinh : x =2

2) J2x-3=x-2

Xx—-22>0 X>2
=S e
2x—3=(x-2) X*—6x+7=0
X22
el x=3-42()
x:3+\/§(n)
Vay nghiém cta phuong trinh 13: x =3++/2.
BAI TAP
Bai 1. Giai cac phuong trinh sau:
a) x=2)(x-1) =0; b) Vx* -2 =1-x;
Ix-1
C) V5x+6=x-6 ; d) V2x-1=+/x+3.
Bai 2. Giai cac phuong trinh sau:
a) [3x—2|=2x+3; b) [2x -1 =[5x —2|;
c) [x—4|=2x-5; d) [3x—2| =[x +1].
Bai 3. Giai va bién luan cac phuong trinh:
a) (M’ +2)x-2m=x-3 ; b) m(x-m)x=x+m-2;
C) m(X—2)+6=m(Xx—m+3)=0; d) m*(x-1)+m=x(3m-2).
Bai 4. Giai va bién luan cac phuong trinh:
a) 2x* —3x+m-7=0; b) (M—-2)x*—2mx+m+9=0.

Bai 5. Cho phuong trinh: 2x* —3x—8=0. Khong giai phwong trinh hay tinh:
a) Tong cac binh phuong hai nghiém cua no;
b) Tong cac 1ap phwong hai nghiém cua no;
¢) Tong céc luy thira bac bon hai nghiém ciia no.
Bai 6. Cho phuong trinh: x*> —4x+m-1=0.
a) Tim m dé phuong trinh c¢6 hai nghiém;
b) Tim m dé phuong trinh c6 hai nghiém X,;X, thoa hé thirc x,* +x,* = 40.
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§3. PHUONG TRINH VA HE PHUONG TRINH

BAC NHAT NHIEU AN (1LT + 1BT)

1. Phwong trinh bac nhét hai 4n
a,b,celR

a’+b% =0

ax+by C VOI{

Cap sé (Xo1Yo) 12 nghiém ciia phuong trinh khi ax, + by, = c. Nguoi ta chimg minh
phuong trinh béac nhat hai 4n luén 1udn ¢ vo sd nghiém .
Biéu dién hinh hoc tip nghiém 13 mot dudng thang nam trong mit phang toa do Oxy.

2. Hé phwong trinh bic nhat hai 4n

ax+hy=c

. ' ,» Vo1 X, y 13 an s0; cac chir sO con lai
a'x+b'y=c

Hé phuong trinh bac nhat hai 4n c6 dang: {
1 hé s. , 7
& Giai hé phwong trinh bdac nhat hai an: , ’
Ngoai cac phuong phap cong, phuong phap thé ta da biét ¢ 16p 9, con ¢6 phuong phap giai
bang dinh thuc sau:

ax+by=c (a*+b*=0)
a'x+b'y=c' (@a°+b'*#0)

Lap cac dinh thuec:
p=|* =ab'-a'b; D, = =cb'-c'b; D, = : =ac'-a'c
a' b c' b’ Y oja' ¢

1) D#0: Hé c6 mot nghiém duy nhét (x,y), trong d6

2) D=0:
e D, #0 hodc D, #0: H¢ vo nghiém

e D =D, ,=0:H¢covo ) nghiém, tap nghiém cua h¢ 1a tap

nghiém cua phuong trinh ax+by =c

. 5x-2y=-9
Vi du 1: Giai hé phuong trinh: y
4x+3y =2
Giai
. 5 -2 9 -2 5 -9
Taco: D= =23; D, = =-23; D, = =46
3 3 3 Y142
X = % =-1
Hé phuong trinh ¢6 nghiém duy nhat D
y
_—— 2
Y D

Véy nghiém cua hé phuong trinh 1a (-1 2).
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3. Hé phwong trinh bic nhit ba 4n

aX+by+cz=d,
Dang: Ja,x+b,y+c,z=d,

a;X+by+c,z=d,
& Pé giai hé phuong trinh trén ta c6 thé dung phwong phép thé hodc phuong phap cong da hoc &
16p 9.
4. Bai tap ap dung
Bai 1: Giai va bién luan hé phuong trinh sau:

mx+y=m+1
{ X+my =2
Giai

Ta c6 cac dinh thirc:
m 1
1 m

D:‘ =m’-1=(m-1)(m+1)

m+1 1

y :‘ 5 m‘:m2+m—2:(m—l)(m+2)

m m+]

y:‘l 2

e Dx0em=+l
D, (m-1)(m+2) m+2

D (m-1)(m+1) m+1
D m-1 1

y:Hy:(m_1)(m+1):m+1

=m-1

m+2 1
m+1' ' m+1

Hé phuong trinh c¢6 nghiém duy nhét (
eD=0cm=%1
» Khi m=-1=D=0,D, #0: h¢ phuong trinh v6 nghi¢m
» Khi m=1=D=D, =D, : h¢ phuong trinh tr¢ thanh

X+y=2 xeR
SX+y=2&
X+y=2 y=2-X

m+2 1 j
m+1 ' m+1

Vay: m=#+1: hé c6 nghiém duy nhat (
m=-1: H¢ vo nghiém

. . xelR
m=1: H¢ c6 vo s0 nghiém (x,y) sao cho {y I
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BAI TAP

Bai 1. Bang dinh thirc, giai cac hé phuong trinh sau:

2) {5x—7y:5 b){\/gx+2y:9
2x+9y =1 J2x -5y =12
Bai 2. Giai cac hé phuong trinh sau:
§+yi_1=3 a32+b—3;=47
2) 2 2 b) 3 8
———=4 —+— =84
X y-1 a~ b
Bai 3. Giai va bién luan hé phuong trinh sau:
Xx-my=0 2ax+3y =5
2 {mx—y=m+1 {(a+1)x+y:0
Bai 4. Giai hé va kiém tra nghiém bang may tinh bo tai:
2X—-y+2=5
X+y+z=5
X+2y+z=24

Bai 5. Cho h¢ phuong trinh: { X+my=3m
mx+y=2m+1
a) Giaiva bjén luan,; ’
b) Tim m dé hé c6 nghiém duy nhat (X,,Y,) sao cho X,,y, €Z;
c) Lap h¢ thac lién hé gitra X,,Yy,doc 1ap voi m.
Bai 6. Tim m dé cac hé sau c6 nghiém duy nhét:
a){ X+my=1 ){ mX+y=4-m
mx —3my = 2m+3 2x+(m-1)y=m
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ON TAP CHUONG III (1BT)

Bai 1. Giai cac phuong trinh:

a) V3x2—2x—-1 =3x +1 b) 2x—+/x—5=8—-+/x-5
) |[2x-1=|4x-7| d) x* +4x-3|x+2/+4=0
Bai 2. Giai va bién luan phuong trinh: m(mx—1)=x+1
Bai 3. Cho phuong trinh: (m-1)x*+2x-1=0

a) Tim cac gia tri cia m sao cho phuong trinh d6 ¢6 hai nghiém trai dau ;

b) Tim cac gia tri cia m sao cho téng binh phuong cua hai nghiém cua phuwong trinh d6 bang 1.

Bai 4. Cho phuong trinh: x> +x—-4=0

Tinh: A= x2 +x3 B=x}+x}
C = XXX, + XX D = (2x,—X,)(2x, —X,)
E= ﬁ_{_& F= ig-i-ig
X2 Xl Xl XZ
Bai 5. Giai cac h¢ phuong trinh:
2 2 _ 2
N {x +y Hxy=7 b) 2(x+y) —xy=1
Xy+X+y=5 x*y +xy* =0
Bai 6. Tim diéu kién dé cac hé phuong trinh sau c6 nghiém duy nhat:
mx+3=m-1 5x+(a—-2)y=a
a) b)
2x+(m-1)y =3 (a+3)y+(a+3)y=2a

Bai 7. Cho phuong trinh: mx?+2(m+3)x+m=0. Dinh m dé phuong trinh:

a) C6 nghi¢m; ’
b) Cé hai nghiém phén biét cung dau;
c) Co hai nghiém am phan biét.
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Chuong |I. VECTO

Muc tiéu
Sau khi nghién ctru chuong nay, hoc sinh co thé:
- Biét duoc cac khai niém veé vécto, tich cua vécto véi mot so, hé truc toa do.

- Giai duoc cac bai tap vé tong, hiéu cua vécto, cac bai toan lién quan hé truc toa do
- Say mé va yéu thich tim hiéu cac bai toan vé vécto, va hé truc toa do.

§1. CAC PINH NGHIA (ILT + 1BT)

1. Vecto
Vecto 13 mot doan thang c6 huéng. Ki hiéu: a,b,x,V,...;AB,MN,..
Vecto AB cO A diém dau la A, diém cudi 1a B.

e

A a

. / \\\ :
vecto AB vecto a cac vecto
2. Do dai cua mot vecto
Do dai cua vecto AB la do dai cua doan thflng AB.
Ki hiéu: \A_B’\ (doc 12 d6 dai cta vecto AB)

Vay: [AB|=AB=BA

3. Gia cia mot vecto W
Gia cua mdt vecto 1a duong thang chira vecto do.
Viy: Gia cua vecto AB 1a dudng thing AB.

A B
Tém lai: Vecto AB c0:

- Gia la duong thang AB (phuong)
- Piém dau A, diém cudi B (chiéu tir A dén B)

- Do dai ‘AB‘ =AB (d¢ dai)

4. Vecto — khong
Vecto — khong la vecto c6 diém dau va diém cudi tring nhau.
Ki hiéu: AA, MM, ... ky hiéu chung 1a 0.
5. Hai vecto cung phuwong
Hai vecto c6 gia song song hodc trung nhau goi la hai vecto cung phuong.
Nhu vay:
- Néu hai vecto cung cing phuong véi mot vecto thir 3 (khac vecto — khong) thi
ching cung phuong véi nhau.
- Vecto — khong dugc xem la cung phuong véi moi vecto.
Vi du 1: Céac cap vecto cung phuong
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v
A

/ 47 :

(a) (b) () (d)
Cac cap vecto cung phuong.
Vi du 2: Céc cap vecto khong cung phuong

/ > %’
(e) (f)

6. Hai vecto cung hwéong, ngwoc huwong
Xét cac cap vecto cung phuong:

(a) (b) () (d) ‘
- Truong hop (a) va (c¢) ta no1 hai vecto d6 cung hwong (cung phuong, cung chiéu)
- Trudng hop (b) va (d) ta néi hai vecto d6 ngwoc hwéng (cing phuong, ngugc chiéu)
Nhu vay:
- Néu hai vecto ciing phuong thi hodc chlng clng hudng, hoic chiing ngugc hudng.
- Vecto — khong dugc xem la cung hudng vai moi vecto.

v

v
A

v

7. Hai vecto bing nhau
Hai vecto dugc goi 13 bang nhau néu chung ciing hudng va cung do dai.
Ki hi¢u: a=b; AB=CD.
Nhu vay:
- {5, b cung huéng
a=bo <. -
|-

Vi du 3: Céc cip vecto bang nhau

/ - ~
(A>/v ®) o T

Céc cip vecto bang nhau

Vi du 4: C4c cip vecto khong bang nhau

/ 4//': s e

(@) (©) (d)

(b)
(€) J (f)
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- Céc vecto — khong déu bang nhau.
. a=b
- Néu

b=c
- Néu cho trude vecto a va mot diém O thi ton tai duy nhét diém A sao cho OA=a.
/ / A
0]
8. Bai tap ap dung
Bai 1: Cho tam giac ABC déu, canh dai 3 cm.
a) Liét ké cac vecto khac vecto — khong c6 diém dau va diém cudi 13 dinh cua tam giac
ABC.
b) Hay chi ra cic vecto cling phuong véi nhau (néu co);
¢) Hay chi ra cac vecto cuing hudng véi nhau (néu co);
d) Tinh d¢ dai céc vecto ;
e) Céc vecto dd néu c6 bang nhau khong? Tai sao?
Giai
a) Cac vecto: A
AB,BA,AC,CA,BC,CB

b) Cac cap vecto cung phuong:

AB va BA

AC va CA B ¢

BC va CB
¢) Khong c6 vecto nao cung hudng véi nhau.
d) Vi tam gidc ABC déu canh dai 3 cm nén céc vecto nay déu c6 do dai bang 3 cm
e) Cac vecto ké trén khong c6 vecto nao bang nhau vi ching khdng clng hudng (mic du
c6 cung do dai)

Bai 2: Cho hinh binh hanh ABCD, c6 O 1a giao diém hai dudng chéo.
a) Hay chi ra cac vecto khac vecto — khong bang nhau;
b) Xac dinh diém E sao cho BE = AC. Hoi tt gidc ABEC Ia hinh gi? Tai sao?
Giai

}: a=c (T/C bic cau)

a) Céac vecto bang nhau
AB=DC, BA=CD
AD=BC, DA=CB
AO=0C, OA=CO
BO=0D, OB=DO

b) Xac dinh diém E

Vi BE =AC nén diém E thudc duong thing qua B song song AC va thoa vecto BE clng
chiéu véi vecto AC, BE = AC.

Diém E xac dinh duoc 1a duy nhét
(1 T giac ABEC la hinh binh hanh.

A B

That vay:
Tacéd BE=AC
BE cinghuéng AC  (BE//AC y N
= . = = tir giac ABEC la hinh binh hanh.
‘BE‘:‘AC‘ BE=AC
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BAI TAP

Bai 1. Cho hinh vuong ABCD. Liét ké tat ca cac vecto bang nhau. 7
Bai 2. Cho tam giac ABC. Cac diém M, N, I lan luot 1a trung diém cac canh AB, AC, BC. Tim
cac cap vecto bang nhau.
Bai 3. Cho tam giac ABC. Hay dung cac diém D va E sao cho: AD = BC, AE =CB.
Nhan xét gi vé hai vecto AD va AE
Bai 4. Cho tam giac ABC can ¢ A, duong cao AH. Cac ménh dé sau diy dung hay sai? (giai
thich)

a) AB = AC b) AB=CA c)\A—B\:\ATC’\ d) BH=HC
Bai 5. Cho ba vecto a, b, ccing phuong. Ching t6 rang co it nhat hai vecto trong chiing c6 cling
huodng.
Bai 6. Chimg minh rang: Néu A, B, C 1a ba diém phan biét v AB cung phuong AC thi ba diém
A, B, C thang hang.
Bai 7. Cho tir gidc ABCD. Chimg minh: Tt gidc ABCD Ia hinh binh hanh < AB=DC.
Bai 8. Hay néu dau hiéu nhan biét mét tir giac la hinh thoi bang kién thirc vé vecto.
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§2. TONG VA HIEU CUA HAI VECTO (2LT + 2BT)

1. DPinh nghia

Cho hai vecto a va b. Tir mot diém A nao d6 ta vé AB=a, r0i tir diém B ta v& tiép BC=b. Khi
d6 AC duoc goi 14 tong ciia hai vecto a va b.

Ki hiéu: a + b

Nhu vay: a + b=AC.

/ B C
a b A4 a+b
_—
2. Céc tinh chit
a) Tinh chét giao hoan: a+b=b+a
b) Tinh chit két hop: (a+b)+c=a+(b+c)
¢) Tinh chit cong véi vecto — khong: a+0=a
3. Céc qui tic cong
a) Qui tic ba diém
Véiba diém A, B, C bt ky ta luon co: AB+ BC=AC
b) Qui tic hinh binh hanh
Néu ABCD 1a hinh binh hanh thi AB + AD=AC
RM C
r A 2 : D
C) Qui tac trung diém
Néu I 1a trung diém doan thang AB thi IA+1B=0 A e B

d) Qui tic trong tam |
Néu G 1a trong tdm tam giac ABC thi GA+GB+GC =0

B C

4. Vecto dbi clia mot vecto

Néu a+b=0 thi hai vecto a va bgoi 1a hai vecto doi nhau.

Vecto dbi cta vecto a duoc ki hiéu 12 —a.
Vidu 1: Céc cap vecto do1 nhau

P »
< »
[ &
» <«

(@) (b) (©)

Céc cap vecto doi nhau

Nhu vay:
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|
T
I
|
<)

o= e
Vecto — khong co vecto doi la chinh nd.
1 Vecto AB c¢6 vecto ddi 1a BA , tirc 12 AB=-BA

- {5 b nguogc huéng

O

5. Hi€u cua hai vecto
Hiéu cua hai vecto a va bla tong cua vecto a va vecto ddi cua b.
Ki higu: a—b
Nhu vay: a—b=a+(-b)

6. Bai toan dung vecto hiéu
Cho a va b. Hay dung vecto hiéu a—b.

Giai
Céch dung:

B
- LAy mot diém O tuy ¥
“TirOvé OA=4 / a-b
- Ciing tr O v& OB=b OtY——»'A
Khi d6: BA=a—-b a
Chirng minh:
That vdy: BA=BO+O0A (quy tic ba diém)
=0OA+BO (giao hoan)
=OA+(-OB) (vecto ddi)

=a—b

7. Qui tic trir
Cho vecto AB va mot diém O tuy v, ta co:
[] AB=OB-OA (Chén diém O bén trai)
[ AB=AO-BO (Chén diém O bén phai)

Vi du 2: Cho hinh thoi ABCD ¢6 BD = 60° va mot diém M tuy . B
a) Tinh: MB-MA+BC;
b) Tinh \ﬁ—@\, \ETA—BT:\. :
Giai A
a) Ta co: WBZW+?C:,@+%=E >

AB
b) Tinh cac d¢ dai:
") |BA-BD|=|DA|=DA=a
7 |BA-BC|=|CcA|=cA
- Tinh AC: 7
Goi O la giao diém hai duong chéo cta hinh thoi ABCD

= AC =2A0 ‘
Dé thay AO la dudng cao cua tam giac déu ABD
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a\/3

=A0=——
2

— AC=2a/3
Vay: \ﬁ—s_c'\ —CA=aJ3.

8. Bai tap ap dung
@ DANG 1:

Tinh tong ciia hai hay nhiéu vecto

#PHUONG PHAP

Str dung cac tinh chat va cac qui tac cong dé thuc hién tinh tong cac vecto theo yéu cau.

Vi du 1: Cho tir gidc ABCD, tinh:
a) u=AB+BC+CD;
b) v=AB+CD+BC+DA.
Giai
a) Ap dung qui tac ba diém:
ﬂz(ﬁigé)+65

AC

=AC+CD
—_—
AD
b) Ta c6: AB+CD+ BC+ DA=AB+ BC+ CD+ DA (giao hoan)
= (AB+BC)+(CD+DA) (két hop)
=AC+CA (quy tic ba diém)
=AA=0 (quy tic ba diém).
*DANG 2:

Tinh d¢ dai clia vecto tong: Tinh |§+5+6|

& PHUONG PHAP
- Sir dung cAc qui tic va cac tinh chat ctia phép cong dé tinh tong a+b+c=d.
- Tinh d6 dai vecto d bang céc kién thic hinh hoc phing d duoc hoc.

Vi du 1: Cho tam gidc ABC vudng tai A, biét AB =3, AC =4. B
a) Tinh d¢ dai canh BC;
b) Tinh ‘A—B+B—C‘, \/ﬁnﬁ\, \A_'B+E\.

Giai
a) Tam giac ABC vudng tai A = BC? = AB? + AC?
=3 +4%=5 Al c
= BC=5
b)

] Tacéd: AB+BC=AC
:\A—B+§:\=\E\=AC=4

1 Tacé: AB+CA=CA+AB=CB

:\Ew_A'\:\C—B\:CB:s
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] Ap dung qui tic hinh binh hanh, ta c6:

AB+AC =AD (D: 13 dinh hinh binh hanh ABDC)

:\,@JFAT:\ =\E\ =AD

Mt khéc, hinh hinh hanh ABDC c6 BC = 90° = ABDC Ia hinh chir nhat

= AD=BC=5
Vay: \EHA—C\ -~ AD=5
= DANG 3:

Chirng minh ding thirc vecto (A, B 13 cac biéu thic vecto)
Vidu 1: Cho bdn diém, A, B, C, D. Churng minh réng: AB+CD=AD+CB
Giai

Ta co:
VT=AB+CD =AD+DB+CD
~AD+CD+DB =AD+CB
i,_/
CB
= VP (dpcm).
BAI TAP

Bai 1. Cho 5 diém A, B, C, D, E tuy y. Tinh cac vecto téng sau:
a) u=AB+BC+CD+DE; b)v=AB+DE+BD+EA
Bai 2. Cho tam gidc ABC déu canh bang a. Tinh d6 dai ctia vecto tong AT§+R3.
Bai 3. Cho hinh thang ABCD c0 canh day AB = 2a, CD = a. Ila trung diém ctia AD.
Tinh ‘WBJFE‘.
Bai 4. Chirng minh rang néu AB=CD thi AC=BD.
Bai 5. Tt giac ABCD la hinh gi néu AB=DC va ATs\ :\ﬁ:\?
Bai 6. Cho bdn diém bat ky M, N, P, Q. Chtrng minh cac ding thirc sau:
a)@+@+mzm b) W+W=@+WQ C)WJrP—Q:M—QJrW
Bai 7. Cho 6 diém A, B, C, D, E, F. Chttng minh: AD + BE + CF = AE + BF+CD.
Bai 8. Chuing minh riang véi hai vecto khong cing phuong a va b, ta co:
2| ~[B|<[a+ B <[e|+[o
Bai 9. Cho tam gidc ABC. Cac diém M, N, P lan luot 13 trung diém cac canh AB, AC, BC. Chimg
minh rang véi diém O bét ky ta c6: OA+OB+0OC =0OM+ON +OP.,
Bai 10. Cho bén diém A, B, C, D. Chimg minh dang thirc : AB-CD =AC+DB.
Bai 11. Cho hinh binh hanh ABCD, M la mét diém tuy y.
Chung minh rang: MA+MC =MB+MD
Bai 12. Cho ngii gidc ABCDE. Chimg minh: AB+BC+CD=AE-DE. q
Bai 13. Cho hinh thang ABCD c0 canh day AB =a, CD = 2a. Goi M, N lan luot 1a trung di€ém cuta
AD va BC. Tinh [MA+MC-MN|.

Bai 14. Cho sau diém A, B, C, D, E, F. Chtrng minh rang: AD+BE +CF = AF+BD+CE
Bai 15. Cho tam giac ABC déu canh a, H 13 trung diém canh BC. Tinh \@—Wz\ .
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§3. TICH CUA MOQT VECTO VOI MOT SO (2LT + 2BT)

1. DPinh nghia
Tich ctia mot s6 thuc k véi vecto a 1a mét vecto, ki hiéu 12 ka, duoc xac dinh nhu sau:
a) Néuk > 0 thi vecto kacung hudng véi vecto a;
b) Néu k < 0 thi vecto ka nguoc huéng véi vecto a

-

Vi du 1: Cho | 12 trung diém doan thang AB. Khi do,
’ﬁ - ZN | | |
AB=-2BI A '| B
Ai-128

2

2. Céc tinh chét
Cho hai vecto a, b va cac s thuc k, 1 tly y, ta co:
1) k(la) = (kl)a
2) (k+)a=ka+la
3) k(a+b) =ka+kb ; k(a—b) =ka—kb;
4) ka=0< k=0 hoac a=0

3. Céc qui tic
3.1. Qui tic trung diém
Piém I 13 trung diém doan thing AB < MA+MB=2MI (M la diém tuy ¥)

A I B
3.2. Qui tic trong tam
Piém G 1a trong tim cta tam gidc ABC < MA+MB+MC=3MG (M la diém tiy ¥)

4. Didu kién cung phwong cua hai vecto

Vecto a cung phuong voi b0 < 3keR: a=kb

5. Diéu kién dé ba diém thing hang
Ba diém A, B, C thang hang <> 3k eR: AB=kAC
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6. Biéu thi mét vecto theo hai vecto khong cung phuong

Pinh li: Cho hai vecto khéng ciing phirong a va b. Khi d6 moi vecto X déu cé thé biéu thi mot
cdch duy nhdt qua hai vecto a va b, nghia la ¢é duy nhdt c¢dp sé m van sao cho x =ma+nb.

7. Bai tap ap dung
@« DANG 1: Chirng minh mét diu higu hinh hoc.

& PHUONG PHAP ;
Str dung cac di€u kién tuong ing nhu: E
1. T giac ABCD la hinh binh hanh < AB=DC D D
< AB+AD=AC A
AB =DC 5 8

2. Tr gidc ABCD la hinh thoi ¢, . .
oo

3. Badiém A, B, C thang hang <> 3k e R: AB=KkAC
C¢ AB (D ¢ AB)
JkeR:AB=kCD
@ DANG 2: Xdc dinh diém M thod mét ding thirc vecto cho trudc.
#PHUONG PHAP
- Bién d6i dang thuc cho vé dang AM =v
(trong d6 A 1a diém cb dinh, v 1a vecto khong ddi)
- Lay A 1am diém dau, dyng AM=V.
- Biém cuoi M la diém can xac dinh.
(] Truong hop dac biét:
AM=0=M=A
AM=AB < M=B
@ DANG 3: Phdn tich (biéu thi) vecto x theo hai vecto khong ciing phwong a, b.
& PHUONG PHAP o 7
Str dung linh hoat cac qui tac bién doi vecto (qt 3 di€m, qt hinh binh hanh, ...)
dé viét vecto X dudi dang X =ma-+nb. . ’ 7
Vi du 1: Cho tam giac ABC, trén ba canh AB, BC, CA lan luot lay 3 diém M, N, P sao cho M la

trung diém AB, W%B_c’ va ﬁz%A—C.

4. Puong thang AB song song vé6i dudong thang CD @{

a) Chirmg minh rang: AN = %A—B +%A—C;
b) Biéu thi vecto MP theo AB va AC;
¢) Trén doan AN lay diém I sao cho 16Al =9AN. Chirg minh ba diém M, P, I thang hang.

Giai
a) Taco: m:%ﬁ (gia thiét)
— AN-AB -7 (AC-AB)
3
:>AN=§AB+§AC (dpcm)

b) Biéu thi vecto MP theo AB va AC: B
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Tac6: M l1a trung diém AB (gt) = AM :%ATB
Khi do:
3 1 1 3
MP:AP—AM:ZAC—EAB hay MP:_EAB+ZAC
¢) Chimg minh ba diém M, P, I thang hang.

Ta co:
A9 an- (24, 1AC
16 16\ 3 3
_3aB+2AC
8 16
Khi d@o
Mi=AI-AM = AB+ > AC_LAB
8 16
:——AB+3ACZ%[—1AB §ch
.1
=MI==MP
4

Vay ba diém M, P, I thang hang.
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BAI TAP

Bai 1. Goi I 1a trung diém cua doan ABvaOla diém tiy y. Chimg minh: OA+0B=20I
Bai 2. Cho tr giac ABCD. Goi I, J lan lugt 1a trung diém hai duong chéo AC va BD. Chung
minh: AB+CD =2lJ..
Bai 3. Chung minh G 1a trong tdm cta tam giac ABC khi va chi khi GA+GB+GC=0.
Bai 4. Cho G la trong tdm cua tam giac ABC, O la diém tuy y.

Chimg minh: OA+0B+0C=30G. _
Bai 5. Ching minh rang néu G va G’ lan lugt 1a trong tdm cua hai tam giac ABC va A’B’C’ thi
3GG'=AA'+BB'+CC" Tir két qua trén hdy suy ra diéu kién can va du dé hai tam gidc ABC va
A’B’C’ c6 cung trong tam. ‘ i
Bai 6. Cho tr giac ABCD. Goi M, N lan luot 1a trung diém cua AD va BC. Chirng minh:

2) MN =2 (AB+DC) b) MN = —(AC-+ DB)

Bai 7. Cho hinh binh hanh ABCD. Chiing minh: AB+2AC+AD =3AC.
Bai 8. Cho tam giac ABC. Goi M 1a mot diém trén doan BC sao cho: MB = 2MC.

Chtng minh rang: AM = %E%Ez
Bai 9. Cho tam giac ABC, hdy dung cac diém M, N, P, Q thoa:
a) MA+2MB=0; b) PA—PB+PC =0
c) NA+2NB-NC=BA; d) QA+QB+2QC=0.
Bai 10. Cho tam giac ABC va 2 diém I, J xac dinh boi: 1A+3IC=0 va JA+2JB+3JC=0.
Chting minh rang ba diém L, J, B thang hang.
Bai 11. Cho tam gi4c ABC. Piém I trén canh AC sao cho Cl = %CA,

S B,

T 14 didm ma §J=%AC—§AB.

a) Chiing minh: Bl = %A—C—ATB;
b) Chimg minh B, I, J théng hang;
¢) Hay dung diém J thoa di€u kién dau bai.
Bai 12. Cho luc giac déu tdm O c¢6 canh a.
a) Phan tich vecto AD theo hai vecto AB va AF;

b) Tinh d¢ dai cta vecto %IA\_B.-F%B_CtheO a.
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§4. HE TRUC TQA PO (2LT + 2BT)

Y

>
X

~.

1. Truc toa d%: (O, i) hay truc Ox o
e alatoaddcua u tréntruc (O, i) < u=ai
e Toa do cua vecto AB trén tryc (O, i) duoc ky hiéu 14 AB (doc 1a do dai dai sé cua
vecto AB trén truc Ox). Khi d6: AB=x, —X,

o Xy latoa dd cia diém M trén truc Ox < OM = XM.T

- A
2. Hé truc toa do: (O,i, ) hay hé truc Oxy
2.1. Toa d¢ caa vecto
e Toa do vecto u duoc ki hiéu: u= (x,y) <= U=Xi+Yy.] X
e Cho hai vecto a=(x;y) va b=(x"y) ? 0 ’
1) a+b=(X+x5y+y"); a-b=(x-xy-y) >
2) ka=(kx;ky)
. . - X=X"'
3) Hai vecto bang nhau: a=b < {y _y
) . - . X =kx'
4) Hai vecto cung phuong: a cung phuong b (a,b#0) < 3FkeR: y=ky'

< XYy'-yx'=0

<:>i':ll (x',y'#0)
Xy
2.2. Toa d) diém
e Toa dd diém M duoc ki hiéu: M(Xy ; Yum) < OM = xM.T+ yM.]
e Chobadiém A(xa ; Ya), B(Xs : V&), C(Xc ; Yo).
1). ,@:(XB—XA;yB—yA)

« = XatXe
=278
2) I la trung diem AB < 2
y _YatVs
! 2
XG=XA+);B+XC
3) G la trong tdm cua tam gidc ABC <
_Yat¥etVe
Yo = 3

4) Toa d¢ cac diém dbi xing :

o A, d6i xting v&i A qua Ox = Ay(Xa ; — Ya)
o A, ddixung véi A qua Oy = Ay(— Xa ; Ya)
o A;ddixung véi A qua O = Ag(—Xa ; — Ya

3. Bai tap ap dung
= DANG 1:

Xdc dinh toa dp diém, toa dj vecto théa diéu kign cho trude.
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~PHUONG PHAP :

Tuy truong hop cu thé ma ta str dung cac diéu kién vecto twong tng.
Nhac lai mdt so truong hop thudong gap :

e Badiém A, B, C thang hing < JkeR: AB=kAC

e T giac ABCD la hinh binh hanh < AB=DC

Vi du 1: Cho ba diém A(-1 ; 2), B(1; 4), C(3 ; 1).
a) Xac dinh toa d6 trung diém canh BC;
b) Xac dinh toa d0 trong tdm cua tam giac ABC;
¢) Tim toa d6 diém D dé tir giac ABCD 14 hinh binh hanh.
d) Goi M 1a giao diém cua AB véi Oy. Xéc dinh toa do diém M;
e) E 1a diém thoa: AE +2BE —5CE =0. Tim toa do diém E.
Giai

a) Toa do trung diém I ctia canh BC:

w —XetXc _ 1+3 _

=2
|
2 2 @I(Z;ﬁj
y :yB+yC:4+1:§ 2
! 2 2 2

b) Toa do trong tdm G cua tam giac ABC:

X +Xg +Xc -1+1+3
sz XG= 3 :1 7
= @G(l;—j
_YatYetYe y =2+4+1=Z 3
Yo T3 G 3 3

¢) Gia st D(x; y). Ta co:
AD=(x+1;y-2); BC=(3-1;1-4)=(2;-3)
T giac ABCD Ia hinh binh hanh < AD=BC Q{y—Z——B o
Vay D(1 ; -1). 7
d) Goi M la giao di€m cta AB véi Oy.
ViM € Oy, M € AB nén M(0 ; y) vd AM cung phuong véi AB
Taco: AM=(1;y-2); AB=(1+1;4-2)=(2;2)
Khidé: 1.2-2.(y-2)=0=y=3
Vay M(0 ; 3).
e) Gia st E(x ; y). Ta co:
AE=(x+1;y-2); BE=(x-1;y-4); CE=(x-3;y-1)

Khi d6:
AE + 2BE —5CE =0
X=7
{x+1+2(x—1)—5(x—3):0 ( —5)
& & -5 ©E|7;,—
y-2+20y-4)-5(y-D=0 |y=—>

Vi du 2: Cho ba vecto a=(2;5), b=(4;1), c=(0;5).
a) X4c dinh toa do ciia v=3a-b+c;
b) Xac dinh hai s6 m, n sao cho a=mb-+nc.
Giai
a) Goi (x; y) 1a toa do cta vecto v

X+1=2 x=1
=-1

To6 Toan hoc - Khoa khoa hoc co’ ban

Trang 47



v=3a-b+c

x=3.2-4+0 X=2 -
= = <v=(2;19)

y=35-1+5 y=19
b) Ta co:
a=mb+nc
2-mitno |M=2
= 3
5=m4+nb5 n:—g

& DANG 2:

Chirng minh mét diu hi¢u hinh hoc.

#PHUQONG PHAP

Chi viéc chimg minh diéu kién vecto twong tmg. Luu ¥ st dung cac cong thire toa do.

Vi du 1: Cho ba diém A(1 ; 2), B(0 ; 3), C(5 ; -2). Chting minh ba diém A, B, C thang hang.
Giai
Taco: AB=(-1;1), AC=(4;-4)
— AC=-4AB
= Ba diém A, B, C thang hang.o
BAI TAP
Bai 1. Viét toa do cac vecto sau:

a=20+5j;  b=-Si+ j; c=i-j;  d=2]
Bai 2. Cho a=(1; 2), b=(0; 3). Tim toa d6 ciia cac vecto:
a) x=a+b;  b)y=a-b ) 2=3a+b.
Bai 3. Tim toa d6 diém B trong céac truong hop sau:
a) OB=-5i+3j; b) OB=j—i;
c) AB=(2;-2) vaA(l;-3) d) AB=2i+3j ; OA=-4i
Bai 4. Cho hinh binh hanh ABCD. Biét A(1 ; -3), B(3; 1), C(5 ; -5).
a) Tinh toa d§ diém D;
b) Goi I 1a tam hinh binh hanh ABCD. Tinh \a\ (v6i O 1a gbe toa do).
Bai 5. Cho céac vecto a=(2,1), b=(34), c=(7;2).
a) Tim toa do cua vecto u=2a-3b+c;
b) Tim toa do cua vecto x sao cho x+a=b—c;
c) Tim céc s k, 1dé c=ka+Ib. q q
Bai 6. Cho ba diéem A(-1; 1), B(1; 3), C(-2 ; 0). Chirng minh ba diém A, B, C thang hang.
Bai 7. Cho tam giac ABC c¢6 A(-3 ; 6), B(9; -10), C(-5; 4).
a) Tim toa do trung diém cac canh cua tam giac ABC;
b) Tim toa d trong tam G cua tam gidc ABC;
¢) Tim toa d6 di€m D sao cho tir giac BGCD la hinh binh hanh;
d) A’ 1a diém doi xtmg v6i A qua B. Tim toa d6 diém A’.
Bai 8. Cho bon diem A(-2 ;-3), B(3; 7), C(0 ; 3), D(-4 ; -5).
Chung minh rang hai duong thang AB va CD song song v&i nhau.

Bai 9. Cho tam giac ABC. Cac diém M(1 ; 1), N(2 ; 3), P(0 ; —4) lan luot 13 trung diém cac canh

BC, CA, AB.
a) Tinh toa d6 cac dinh cua tam giac;
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b) Chirng minh hai tam giac ABC va MNP c0 trong tam trung nhau.
Bai 10. Cho tam giac ABC c6 A(1 ; -1), B(5 ; —3) dinh C trén Oy va trong tam G trén Ox. Tim
toa do cua C.
Bai 11. Cho ba diém A(—4 ; 1), B(2 ; 4), C(2 ; -2)

a) Chirng minh A, B, C la ba dinh ctia m{t tam giac;

b) Tim toa do trong tam G cua tam giac ABC;

¢) Tim toa do diém D sao cho C la trong tam tam giac ABD.
Bai 12. Cho ba vecto a=(2;-2), b=(1; 4), c=(5; 0). Hay tim hai s m, n sao cho c=ma-+nb.
Bai 13. Cho ba diém A(2 ; 5), B(1 ; 1), C(3 ; 3).

a) Tim toa do diém D sao cho: AD =3AB-2AC;

b) Tim toa do diém P sao cho: 3PA+PB—-2PC =AC;

¢) Tim toa d6 diém E sao cho tir giac ABCE la hinh binh hanh.

Tim toa d0 tm hinh binh hanh dé.
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ON TAP CHUONG I (1BT)

1. Cac phép todn: cong, trir hai vecto; nhan mot s6 voi mot vecto.

oo Qgw

2. Céc qui tic
a. Qui tic ba diém:
Véi ba diém A, B, C bat ky ta ludn c6: AC=AB + BC (chén giita)

Qui tdc trir: Cho vecto AB va mot diém O tiy ¥, ta cé:
AB=0B-0A (chén trai)
AB=A0-BO (chén phai)
Qui tdc hinh binh hanh:
T giac ABCD Ia hinh binh hanh < AD=BC
< AB+ AD=AC

. Qui tdc trung diém:

Piém I 14 trung diém doan thing AB < IA+IB=0
, < MA+MB=2MI (M: tuy ¥)
Qui tac trong ram:
Diém G 1a trong tdm tam giac ABC < GA+GB+GC=0
< MA+MB+MC=3MG (M: tuy y)

3. Toa do cua vecto va diem

o

Trong mit phang toa dd Oxy, cho a=(X;y), b=(x"y’) va cic diém A(Xa ; Ya),
B(Xs ; V&), C(Xc ; Yc). Cho trudc sb thuc k.
Khi do, ta c6 cac cong thirc sau:

a.

ﬁiB:(xix' P yTy)
ka = (kx ;ky)

X . - - X=X
Diéu kién bang nhau: a=b < {y _y
Piéu kién cung phuong: a cing phuong b (a,b=0) < Xxy'-yx'=0

AB = (Xg —Xa;Yg —Ya)

_ Xa+Xg
=2a"78
I 1a trung diém AB < 2
y = YatYe
| 2
_ XaXg +Xc
c=—aTtsT%c
G la trong tdm cua tam gidc ABC < 3
_YatYet¥e
Ye =73

Toa dd cac diém d6i xtmg :

o A; dbi xtmg voi A qua Ox = Ay(Xa ; — Ya)

o A, dbi xing voi A qua Oy = Ay(—Xa ; Ya)

o Az ddiximg voi A qua O = Ag(— Xa ; — Ya)

o A’ dbixing voi A qua B = A’(2xg — Xa | 2Yg — Ya)

To6 Toan hoc - Khoa khoa hoc co’ ban

Trang 50



BAI TAP

Bai 1. Goi G la trong tdm cua tam gidc ABC. Pat a=GA, b=GB. Hiy bicu thi mdi vecto
AB, GC, BC, CA qua cic vecto a va b.
Bai 2. Goi M, N lan luot 14 trung diém cac doan thang AB va CD. Ching minh rang:
2MN =AC+BD=AD+BC. . 7 ’
Bai 3. Goi O la tdm cua hinh binh hnh ABCD. Chirng minh rang véi diém M bat ky, ta c0:
MO:%(MAJr MB + MC + MD).

Bai 4. Cho doan thang AB va diém I sao cho 2IA+3IB=0.
a) Tim s6 k sao cho Al =k.AB;
3

b) Ching minh rang véi moi diém M, ta ¢6: Mi = %ergWB :

Bai 5. Cho tam giac ABC.
a) Tim cac diém M va N sao cho MA—MB+MC=0 va 2NA+NB+NC=0;
b) Vé6i cac diém M, N & cau a, tim céc sd p va ¢ sao cho: MN =pAB+gAC .
Bai 6. Cho luc gidc ABCDEF. Goi P, Q, R, S, T, U lan luot I3 trung diém cac canh AB, BC, CD,
DE, EF, FA. Chttng minh rang hai tam giac PRT va QSU c6 trong tdm tring nhau.
Bai 7. Cho AABC. Goi M 1a trung diém ctua AB va N 1a mot diém trén canh AC sao cho
NA = 2NC. Goi K 1 trung diém ctia MN. Phan tich vecto AK theo hai vecto AB va AC.
Bai 8. Cho tam giac ABC, xac dinh cac dinh M, N, P thoa :
MB=2MC, NA+3NC =0, PA+PB=0.
a) Tinh PM, PN theo AB va AC;
b) Chitng minh M, N, P thang hang. 9
Bai 9. Cho tam gidc ABC, hdy dung cac diém P, I thoa:
a) PA+2PB=CB; b) IA+1B+IC=AB+AC
Bai 10. Trong mat phéng toa do Oxy, cho ba giiém A(-1;3),B(4;2),C(3;5).
a) Chirng minh ba diém A, B, C khong thang hang;
b) Tim toa do diém D sao cho AD=-3BC;
¢) Tim toa d6 diém E sao cho O la trong tdm cua tam gidc ABE.
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Chuwong I1. TICH VO HUONG CUA HAI VECTO

Muc tiéu

Sau khi nghién ctru chuong nay, hoc sinh c6 thé:

- Biét dugc cac khai niém ve gia tri lwong giac caa mot goc bat ki, tich vo hudng cuaa hai
vécto.

- Giai duoc c4c bai tap vé gié tri luong giac, tich vo hudng cua hai vécto, tinh do dai cua
vécto, khoang céch gitra hai diém.

- Say mé va yéu thich tim hiéu cac bai toan vé tich vo huéng cua hai vécto.
§1. GIA TRI LUQNG GIAC CUA MOQT GOC BAT KY

TU 0°-180° (2LT + 2BT)

1. Dinh nghia
Véi mdi goc a (0° < o < 180°), ta xac dinh diém M trén ntra dudng tron don vi sao
cho MOx = a. Gia st M(Xo, Y,), khi do:

., , N P . _ Ya
e sin cua goc a la y,. Ki higu: sina = Y, M. 7:)
e COsin cua goc a la X,. Ki hiéu: cosa = X,. ¥ qv,
e tang cua goc a la Yo (X, # 0). Ki hiéu: tana =Yo

%o %o u| 5

N . . X . X Xo O "X

e cdtang cua goc o la y—° (Y, # 0). Ki hiéu: cota, =2 °
[o] 0

Cac gia tri sina, cosa, tana, cota dugc goi 1a cac gid tri luong gidc cua cung a.
Vidu 1: Tim céc gia tri luong gidc ciia goc 45°.

e Lay diém M trén nira dudng trin don vi sao cho: XOM = 45°,

ya
o A o a2 2 2
e Khi d6 toa do cua diem M(7 > Yo (2 2
s 7 ) 27 2
o Viy:sind5®= Y2 c0s45° = Y2 tand5° = 1, cotds® = 1 4°d | .
2 2 0 Xg X
2. Tinh chét

sina. = sin(180° — ) tano, = —tan(180° - o)

cosa = —€0s(180° — ) cota = —cot (180° — o)
Vi du 2: Tinh gi4 tri lugng gidc cta goc 135°.

J2

e sin135° =sin(180° — 135°) = sin45° = R

e 0s135° = —c0s(180° — 135°) = —c0s45° = —% :

e tan135° = —tan(180° — 135°) = —tan45° = -1;
e c0t135° = —cot(180° — 135°) = —cot45° = -1
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3. Gia tri lwong gidc ctia mot s6 goc dic biét

GT lugng giie——_ | 0° | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180°
- T3 RN R IR I O
Sina 0 > > > 1 5 5 >
V3| V2L EREEEN
cosa 1 2 2 2 0 2 2 2
V3 _ 3
tana 0 | 5 1 J3 || V3| -1 -5 0
3 V3 _
coto. 31|50 |5 -1 | 3| ||
Vi du 3: Tim céc gia tri luong giac cta goc: a) 60° ; b) 150°
Giai
a) sin60° = g; c0s60° = %; tan60° = 3; cot6 = V3
b) sin150° = %; cos150° = —g; an150°= -3, cot150°= 3

4. Bai tap ap dung

@ DANG 1: TINH GIA TRI LUQNG GIAC CUA MOQT SO GOC PAC BIET

& Phuwong phap

- Tim toa d6 diém M(x,, Vo) 520 cho XOM = o trén nira dudng tron don vi,

ta co:
. Yo Xo
SiInNL=Y,; COSa =X, tana=-—; cota=—
XO yO
- Sir dung tinh chat: (Hai goc bu nhau)
sin(180° — a) = sina; c0s(180° — o) = — cosa;
tan(180° — a)) = — tana; cot(180° — o) = — cota.

Bai 1. Tinh gi4 tri cta biéu thic:
A = c0s*120° — sin“150° + 2tan®135° — sin“90°
B = c0s20° + c0s40° + c0s160° + cos140°
Giai
A = c0s*120° — sin®150° + 2tan®135° — sin“90°

(Y (Y e g o
[2) @”.(1) =1

B = c0s20° + c0s40° + cos160° + cos140°
= ¢0s20° + c0s40° + (—c0s20°) + (—c0s40°) = 0

@ DANG 2: CHUNG MINH CAC HE THUC VE GIA TRI LUQNG GIAC

& Phwong phdp
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- Dua vao dinh nghia gia tri luong gidc cta goc a. (0 < a. < 180°).

- Duya vao0 tinh chét cua téng ba g6c ciia mot tam gidc bang 180°.
Bai 2. Cho AABC. CMR: a) sinA =sin(B + C); b) cosA = —cos(B + C).
Giai

a) CMR: sinA =sin(B + C)

Trong AABC taco: A+ B + C =180°

Do d6: VP =sin(B + C) =sin(180° — A) = sinA = VT (dpcm)

b) CMR: cosA = —cos(B + C)

VP = —c0s(B + C) = —c0s(180° — A) = — (—cosA) = cosA = VT (dpcm)
Bai 3. Ching minh rng: cos®a + sin“a = 1 (0° < o < 180°)

ya Yya
M(x,,
( oyo) . e e n M(Xovyo)
o
a \ . oc[_ .
H O X 0 H X

Néu o = 0° thi cos®a + sina =12+ 0% =1
Néu o = 90° thi cos?a + sina. = 0%+ 1°=1
Néu a = 180° thi cosa + sin‘a. = (- 1)+ 0° =1

Néu a # 0% o # 90° o # 180°. Ly diém M (X, Vo) trén nira dudng tron don vi sao cho

XOM = a. Goi H, K 1an luot 13 hinh chiéu vudng gboc cua M trén Ox, Oy.
Ta c6: sin“a + cos’a = y2 + x2 = MH? + OH?
AOMH vuébng tai H = MH? + OH? = OM? = 1
(do OM la ban kinh ctia duong tron don vi).
Vay: sin‘a. + cos’o. = 1 (dpcm)

Bai 4. Ching minh rang: tana = it (o # 90°).Trén nira dudng tron don vi ldy diém M(Xo, Yo)
cota

X n X
sao cho XOM = a.. Theo dinh nghia ta c6: tana = %; coto = —% nén tano.coto = Yo —~ =1

(o] yO XO yO

1
= tana= — (d
¢ cota (dpem)
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BAI TAP

Bai 1. Tinh gia tri ctia cac biéu thirc:
a) A = (2sin30° + cos135° — 3tan150°)(cos180° — cos60°);
b) B = sin®90° + c0s*120° + cos’0° — tan®60° + cot’135°
¢) C = (cos150° + sin150°)(cos30° + sin30°);
d) D = cos0° + cos10° + c0s20° + ... + cos170° + cos180°
Bai 2. Pon gian biéu thirc:
a) A = (asin90° + btan45°)(acos0° + bcos180°);
b) B = 4a.c0s°60° + 2ab.cos*180° +§ b%c0s®30°
¢) C = cos16° + cos80° + cos100° + cos164°

d) D = 2sin(180° — a).coto. — cos(180° — av).tana.cot(180° — o).
Bai 3. Cho AABC. Chitng minh rang;

a) sin(A + B) =sinC,; c)tan(A +B) = -tanC ;
b) cos(A + B) = —cosC; d) cot(A + B) = —cotC.
Bai 4. Chirng minh rang;
a) 1+ tan’o = ——;
cos“o.
b)1 + cot’o = ——.
sin“o.

3sino—cosa

Bai 5. Cho tana=+/2. Tinh gia trj cua biéu thirc: A == .
SIna+CoSa
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§2. TICH VO HUONG CUA HAI VECTO (2LT + 2BT)

1. Géc gitra hai vecto

Cho hai vecto a va b khac 0. Tir diém O nao d6 ta vé -

OA =a va OB = b.Khi do, . A
a
g6c AOB 1a gdc giita 2 vecto a va b. o)
Ki hiéu: (a, 6) b Iy
b B

e Néua=0hoicb=0thi(a b)tlyy

e Néu(a b)=90thia_Lb
Vi du 1: Cho AABC vubng tai A vacé B = 60°. Khi do,

—) = 150°

(BA

(BA. CB

(AC, BC) = (CA, CB) = 30°
(AC, CB

(AC, AB) = 90°

2. Tich vb hudng cuaa hai vecto

Tich v6 hudng cua hai vecto 1a mot sd, ki hiéu a.b dugc xac dinh boi:
ab=a (ab)

Vi du 2: Cho hinh vuéng ABCD canh a. Tinh AB. AC; AB.BC; AC.DC

. )TB.AT::‘A_B.‘.‘A_C‘.COS(A—B., A—C) A B
45°

= a.a+/2.cos45° = a2 ./2. % =a’

e AB.BC= ‘A@Hﬁ‘.cos(,@, ﬁ:)

=a.a.c0s90° = a%.0 =0 D c
e AC.DC= ‘E)Hﬁ:‘.cos(m, ﬁ:) = a.av/2.cos135° = a? /2. {—%J = —a?
% Chuy:a =aa=|a|
3. Tinh chit
Voéia, b, ctiyyvak e R. Taco:
e a.b=bh.a
.(k.a) b=a. (k 5):k.(a 6)
e a.b=0<alb oé(BiE)zé bta.c
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4. Biéu thirc toa do cuia tich vd huwéng

Trong h¢ toa do: (O, T, ]) choa = x;y), b= x5 y)

o Tich vo huéng cia2 vecto: a. b= x. X' +y.y
. Do dai cia vecto a : ‘5‘ = (X +y?
o Goc gitra hai vecto : cos(a b) b XX+ Yy

BT
(a=0,b=0)
. DPicbiét: a Lb < xx +yy =0

Vidu3:Choa=(3;-1), b=(2;1), c=(5m)

a) Tinh tich v0 huéng a . b; c. Tinh goc gitra 2 vecto a, b;
b) Tinh do dai cua vecto a; d. Timmdé a L c.
Giai
) a.b=32+(1).1=6-1=5
b) [a]=0+1=+10

c) cos(a b) 32+(-1).1 _ 5 =\/§ o

Jo+1fa+1 o 2

d alc<35+(-1).m=0<m=15

5. Khoang cich giira hai diém

Cho hai diém A(Xa, Ya); B(Xs, V&), ta co:
s E:(XB_XA;yB_yA)
d AB:‘A_B.‘:\/(XB_XA)Z+(yB_yA)2

Vi du 4: Cho A(3; 2), B(~1; 5). Tinh d¢ dai doan AB:

Giai
AB:‘A—B‘:\/(—l—3)2 +(5-2)2 =16 +9 = /25 =5.

6. Bai tap ap dung

@ DANG 1: TINH TiCH VO HUONG CUA HAI VECTO

& Phuwong phap
- Xac dinh gc giita 2 vecto: a va b
- Ap dung cong thic: 5.6:‘5‘.‘5‘.005(5,5)

Bai 1. Cho AABC déu canh a. H 1a trung diém BC, G 1 trong tam ctia AABC,
a) Tinh AB.AC ; AB.BC;
b) Tinh AB. AH ; BC. AH;
c) Tinh GA . AC ; GB.. GC.

Giai

To6 Toan hoc - Khoa khoa hoc co’ ban

Trang 57



a) Tinh AB.AC ; AB.BC

A
« AB.AC=|AB||AC|.cos(AB, AC) = aacoss0’ = &
2
. A—B.ﬁ:‘A—B‘.‘ﬁf‘.COS(E,B—C):a.a.coslzo‘):—§ G
b) Tinh AB.AH ; BC . AH B Y C
. a3 3a’

. AB.MZ‘@‘.‘M‘.COS(@, ,m):a.T.COSBO":T
e BC.AH =0 (do AH L BC)

¢) Tinh GAAC;GB.GC

2

e GA.AC= ‘@‘.‘FC‘.COS(G—A, A—C) = ﬁ.a.coslsoO -_&
3 2

+ GB.GC =|GB||&C|cos(GB, GC) = 233 Y8 cosiopr = &
3 3 6

@ DANG 2: CHUNG MINH CAC PANG THUC VE VECTO CO LIEN QUAN PEN TiCH
VO HUONG
& Phwong phap:

- Dung quy tac 3 diém : AB + BC = AC hay OA — OB = BA

- Sir dung tinh phan phdi cta tich v6 hudng :

i(b+c)=a.6+a.c i(b-c)=a.b-a.c

Bai 2. Cho AABC véi diém M tiiy y. CMR:

a) MA.BC+ MB.CA + MC.AB = 0;

b) MA.MB = OM? — OA? (v6i O 1a trung diém AB).

Giai

MA .BC + MB.CA + MC . AB
:W.ﬁl+(m+,@).@+(m+ﬁ:).,@
= MA.BC+MA.CA+AB.CA+MA.AB+AC.AB
:m.(?c+@+FB)+FB.(C7\+?C)

a) VT

=MA.0+AB.0=0 =VP.o
b)VT:m.WB:(W)+O—A)(W)+O—B)

(W)+oTA)(W)—o?):W)Z _OA
= MO? - 0A?=VP.o

@ DANG 3: CHUNG MINH SU VUONG GOC CUA HAI VECTO

& Phuong phap:
St dung tinh chit: a Lb<a.b=0
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Bai 3. Cho AABC c6 gocc A nhon. V& bén ngoai AABC cac tam gidc AABD va AACE vubng can
tai A. Goi M 1a trung diém BC. CMR: AM L DE.

Giai
Chung minh: AM L DE.
(Ta can ching minh : AM . DE = 0) b
Taco: AB + AC = 2AM (quy tic trung diém)
= AN = 1 (28 + AC) Y
2
« DE=AE-AD o\
AM.DE = L(AB+ AC)(AE - AD) B M C
2
= ~(AB . AE - AB . AD + AC . AE - AC . AD)
H_J H_J
0 0
= 2(AB. AE - AC. AD)
2
= %[AB.AE cos(AB, AE) - AC.. AD . cos(AC, E)}
= %[AB .AE . cos(90° + A) — AC . AD . cos(90° + A)]

%.O:O(VIAB:AD,AE:AC)

— AM 1 DE = AM 1 DEno

@ DANG 4: TIM TQA PQ PIEM-VECTO THOA PIEU KIEN CHO TRUOC

& Phwong phap
- Sir dung biéu thuc toa d6 cua tich vo hudng: a(x; y), b(x: y)

a.b=x.X+y.y; H:\/X2+y2

!

-~ _a.b _ X.X+y.y
cos(a1 b)_‘éHB‘ ‘\/X2+yz NG

AB = "@‘ = \/(XB - XA)2 + (Vg — yA)2
Bai 4. Trong hé toa do (o,T,]) cho diém A(-1; 2) va B(5; 4)

a) Tim diém M trén truc Ox sao cho AMAB vudng tai M;
b) Tim diém N trén tryuc Oy sao cho ANAB cn tai N.
Gial

a) Tim diém M trén truc Ox sao cho AMAB vudng tai M
ViM e Ox nén M (m; 0). AMAB vudng tai M < AM.BM =0
e AM=(m+1,-2) ; BM = (m -5, —4)
e AM.BM=0

< (mM+1)(M-5+8=0

om -—4m+3=0
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Bai 1.

Bai 2.

Bai 3.

Bai 4.

Bai 5.

Bai 6.

Bai 7.

Bai 8.
Bai 9.

om=1vm=3
Vay ¢6 2 diém M;(1; 0) va M,(3; 0)
b) Tim diém N trén truc Oy sao cho ANAB can tai N
ViN € Oy nén N(0; n). ANAB cén tai N < AN = BN
& JO0+1)? +(n-2)? = J(0-5)2 + (n - 4)’
o 1+n°-4n+4=25+n"-8n+16
&4dn=36<=n=9
Vay diém N(0, 9) thoa yéu ciu bai toan.

BAI TAP
Tinh gbc gitra 2 vecto a, b biét:
a) a=(L;-2) va b= (-1; -3);
b) a=(1;2) va b=(1-23; 3 +2);
¢) a=(v2;—+3) va b=(3-+2;+3 +6).
AABC la tam giac gi? Biét:
a) A(0; 3), B(-3; 1) va C(1; -5);
b) A(3; 2), B(-2; 1) va C(4; -3).
Trong mit phing toa do (O,T,])cho A(-1; -1), B(5; 6):
a) Tim M trén truc hoanh ¢¢ AABM cén tai M;
b) Tim N trén truc tung dé AABN vubng tai N;

¢) Tim toa d6 diém C sao cho O 1a trong tm AABC.

Cho a= (%;—Sjvé b =(m;—4). Tim m dé:

o

a) alb; b)‘é‘:‘ﬁ‘; c) a cung phuong
Cho AABC vudng can tai A, c6 AB=AC = a.

Tinh: AB.AC; BA.BC; AB.BC
Cho AABC c6 AB =5cm, AC =8cm, BC = 7cm.

a) Tinh AB. AC 1di suy ra gia tri goc A;

b) Tinh CA . CB.

Cho 4 diém A, B, C, D. CMR: DABC+DB.CA+DCAB=0.

Suy ra ching minh Dinh li “ba duong cao cta tam giac dong quy”.

Chung minh rang: AABC vudng tai A < BABC = AB?
Cho AABC ¢6 3 trung tuyén AD, BE, CF. CMR:

BC.AD+CA.BE+AB.CF=0
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Bai 10. Cho AABC c6 A(5; 6), B(4; —1), C(—4; 3). Tim toa do:
a) Trong tdm G cua AABC;
b) Truc tdm H cia AABC,;
¢) Chan duong cao A’ ciia duong cao ké tir A;
d) Tim toa do tdm I cta dudng tron ngoai tiép AABC;
e) CMR: G, H, I thang hang.
Bai 11. Cho AABC vai A(1; 5), B(-4; -5), C(4, -1).
a) Tim toa d6 chan dudng phan giac trong va ngoai A;
b) Tim toa d6 tdm J ctia duong tron ndi tiép AABC.
Bai 12. Cho doan AB ¢ dinh AB =2a, k € R . Tim tip hop diém M thoa:
a) MA.MB = K?; b) MA? — MB? = k?
Bai 13. Cho 2 diém M, N nam trén dudng tron dudng kinh AB = 2R. Goi I 1a giao diém AM va
BN:

a) CMR: AM . Al = AB. Al, BN .BI = BA . B;
b) Tinh: AM . Al + BN . Bl theo R.
Bai 14. Cho 2 duong thang AB va CD cit nhau tai M.

CMR: A, B, C, D cung thudc dudng tron < MA . MB = MC . MD.

Bai 15. Cho AABC, M € BC sao cho MB . MC = MAZ.

CMR: MA 14 tiép tuyén cua duong tron ngoai tiép AABC.
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ON TAP CHUONG II (1BT)

1. Tich vo6 hwéng cua 2 vecto':

a
a.b= ‘5‘.‘ 5‘.005 (5, 5)

2. Biéu thikc toa d ciia tich vé hwéng 2 vecto: a=(x;y),b=(x;y)

a.b=xx+ A%

3. Do dai ciia vecto: a= (x;y)
i]= ey

4. Géc giira 2 vecto: a=(x;y),b=(x;y)

a.b _ XX + Yy
‘5‘.‘5‘ Xy Xy

cos(é, 5) =

5. Khoang cach giira 2 diém

Véi hai diém A(Xa; Ya), B(Xg; Ys) ta co:

l?B :(XB = Xar Y _yA)
AB :‘ATB": \/(XB - XA)2 +(Ys —Ya)

2

BAI TAP

Bai 1. Tinh gia trj ctia biéu thuc:

a) A =sin120° + 2sin150° — c0s150° — cot1359;

b) B = cos5° + c0s10° + c0s15°+ ... + c0s170° + cos175° + cos180°.
Bai 2. Cho A ABC vuéng tai C, c6 AC =9, BC = 5. Tinh ABAC.
Bai 3. Cho AABC biét AC=8,CB=7, AB=5.

a) Tinh AB.AC;

b) Tinh CA . CB;

¢) GoiD la diém trén canh CA sao cho CD = 3. Tinh CD.CB.
Bai 4. Cho ABC, M la trung diém BC:

CMR: AB.AC = MA?— MB2
Bai 5. Cho hinh chit nhat ABCD, M 1a diém tuy y. CMR:

a) MA.MC = MB.MD

b) MA2 + MB.MD =2.MA . MO (O la tAim hinh chir nhat)
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Bai 6. Cho ABC can tai A. Goi I 1a trung diém BC va H 13 hinh chiéu vudng géc cua I trén AC, M
1a trung diém IH. CMR: AM L BH
Bai 7. Cho ABC biét A (5; 6), B (4; -1), C (-4: 3)
a) Tim toa do trong tim G, tryc tAm H va tdm I cta dudng tron ngoai tiép ABC;
b) CMR: I, G, H thang hang.
Bai 8. Cho ABC ¢ A (-2; 2), B (6; 6), C(2; -2)
a) CMR: A, B, C khong thang hang;
b) Tim toa d6 diém D dé ABCD 14 hinh binh hnh;
¢) Tim diém M thudc truc x’Ox dé ABM vudng tai B;
d) AABC la tam giac gi?
e) Tim toa d0 truc tam H cta ABC.
Bai 9. Cho hai diém A (-3; 2), B(4; 3). Tim toa d6 cua:
a) Diém M e Ox sao cho AMAB vuéng tai M;
b) Piém N € Oy sao cho NA = NB;
¢) Piém I € Oy sao cho 3 diém A, I, B thang hang;
d) Diém C sao cho ABC vudng can tai C.
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PHAN PHOI CHUONG TRINH

So

Thai gian (gio)

T Tén cac bai trong hoc phan Tong | |y AThuc,hanh. / thuc | Kiém
" thuyét tap/Athl nthcrr]/ bai s
tap/ thao luan

A TOAN 1A: PAI SO

1 | Chwong I: Ménh dé - tap hop 11 5 5 1
1. Ménh dé 2 1 1
2. Tap hop 2 1 1
3. Cac phép toan tap hop 2 1 1
4. CAc tap hop s6 2 1 1
5. S6 gan dung. Sai sd 1 1
6. On tap chuong I va kiém tra 1 tiét 2 1 1

2 | Chwong IT: Ham so6 bac nhat va bac hai

7 3 4

1. Ham s6 2 1 1
2.Hamsoy=ax+b 2 1 1
3. Ham s6 bac hai 2 1 1
4. On tap chuong 11 1 1

3 | Chwong III: Phwong trinh va hé
phuong trinh 14 5 3 1
1. Pai cuong vé phuong trinh 3 2 1
2. Phuong trinh quy vé phuong trinh bac 4 2 2
nhat, bac hai
3. I?huor]g tqr‘lnh va hé phuong trinh bac 2 1 1
nhat nhicu an
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4. On tap chuong 111 va kiém tra 1 tiét 2 1 1
On thi HK1 3 3
(Két thic Toan 1A, téong cong: 32 gio)
B | TOAN 1B: HINH HOQC
1 | Chwong I. Vecto 16 7 8 1
1. Cac dinh nghia 2 1 1
2. Tong va hiéu cua hai vecto 4 2 2
3. Tich cua vecto véi mot sb 4 2 2
4., HE truc toa do 4 2 2
5. On tap chuong I va kiém tra 1 tiét 2 1 1
2 | Chwong II. Tich vo6 hwéng caa hai vecto | 12 4 8
1. Gia tri lugng giac cia mot goc batkitr | 4 2 2
0° dén 180°
2. Tich v6 hudng cua hai véc to 4 2 2
3. On tap chuong 11 1 1
On thi HK1 3 3
(Két thiic Toan 1B, téng céng: 28gio)

TONG CONG 60 24 27 3
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MUC LUC

Phan dai sé

Chuong L. MENH DE - TAP HOP .....ooviieeieeceeeee ettt sttt 2
§1. MENH DE (ILT F1BT) cooeieieieeeeeseeteee st tee st esee st tes st ses s eene st en s 2
1. KNAT MBI MBNN @8 ..ottt ettt ettt et et e et e st e et et ee e e et esen e eeeeeeas 2

2. CAC 10@1 MENN A& ...ttt ettt ettt ettt ettt et et et et s et ae e 2
3. MENI A8 CITTA DIEN...vvveeeeeeeeeeee ettt ettt ettt ettt ettt et es e eeeseneens 2
v O Tl V4 T« 1 PR SSOPP 3

§ 2. TAP HOP (ILT 4 BT) oottt ettt ettt sttt ettt sttt en st en e 5
O Tl T T 1 <) o USRS 5

R O T2 v 1 11 RSO 5
§3. CAC PHEP TOAN TAP HOP (ILT + IBT) coivieieeiieeeeeieesieesee et enes st esssssssessenees 7
I o 0 T=T N o o TSP SPUSPSRS 7
2. PREP QIO .. et e ne s 7

K T o T oI o 1< TS 7
L T T o OO 7
TR O oA V7 o 1 7
§4. CAC TAP HOP SO (ILT 4 I1BT) coistieeeetieeeeeesesteetet e teeestes sttt neenee s 9
1. CAC AP NOP SO QA NOC ...ttt 9
2. Cac tap hop con thuong dung clla R ......ccccciiiiiiiiiiiec e 9
I =T TR 2T oI o 0 111 o TS PSOSSSR 10
§5. SO GAN DUNG. SAT SO (ILT)ueouveereeieeeieeeeeesesessesseseesssssssessssssses s ssssssssssssnsnsesssnasnans 11
1. SO GAN QUNE..e.ceoveveeeeceeeeee ettt ettt ettt 11
Tt L RO 11

3. SO QUI TIOM ottt sttt 11
4. CAC VI QU oottt sttt sttt sttt ettt 11
TONG KET CHUGONG T (I1BT) coocviuiveeiesieiieieiestssessesssses s sestssessessessssssssssssssssssssssssnsnsessssennes 12
LY <311 <O 12

A I 1o T o PSSP RPN 12
3. SO QAN QUNG ...ooceoceeeeececec ettt 12
Chuong II. HAM SO BAC NHAT VA BAC HAL ..o 14
§1. HAM SO (ILT # IBT) et ee e ee et e e es et eene s een s en s ee e, 14
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Lo DINh NGITA ... 14

2. D0 thiueceiceocicieese ettt 14
3. TR DIEN BN oottt n et 14
4. Bang bién thIBN NAM SO ......civeeieeiieeeieeee ettt ettt 15
B TN CNAN, 1€ oottt ettt ettt et et e e e s e s eneeeas 15
B. BAITAP AP JUNQ.ccuiiiiiiiciee et e et re e eneas 15
2. HAM SO ¥ =axX+D (ILT 4 1BT) w.eeeeeeeseeeeeeeeeeeeeteeeeee et es st s st seen s 18
L. DINh NI ... 18

2. THINN CRAL 1ottt 18
T O T V4 ¢ 1 SO USSRR 18
§3. HAM SO BAC HAI (IBT + 1LT) cotustieeiieceseeeeeeeeetee ettt 21
L. DINh NEhTa ..o 21

2. THNR CHAL oottt s et 21

R T O T V4 e 1 USSR 21
ON TAP CHUGONG IT (1BT) covovieseieestietsse e sesesses st stes s seness s s asnes s tsssssensassssnenssnss s 23
1. HEthONG KIEN TNEC ...vovevieeeecee ettt 23
Chuong III. PHUONG TRINH VA HE PHUONG TRINH .......ccccovviiiiircesieeceee e, 25
§1. DAI CUONG VE PHUONG TRINH (2LT + IBT) .eeoeeeeeeeeeeeeeeeeeeeeeeeeesees e, 25
1. PAUONG NN MOt AN...vovoeeceese ettt s st sanes 25

2. Phuong trinh turong QUONEZ .........ooiuiiiiiiiiiei e 25
3. Phuong trinh he qUA .......oooiiii 25
4. Phuong trinh NIIEU AN .........c.oveeveeeeeieeeseeees et s st ss st n st tsneesees 26
5. Phuong trinh chita tNAM SO .........ovueveeveevceciieeeeee et stesee st ss s sees s 26
(I T TR FET O I= o I LT o PSSR 26
§2. PHUONG TRINH QUY VE ..ottt sttt 27
PHUONG TRINH BAC NHAT, BAC HAI (2LT 42BT) ..o 27
1. Phuong trinh BAC NNAL ......c..cvuieieceeciee et 27
2. Phuong trinh DAC NAT .......ooviiiiiii s 27
3. UNG dung Cla GINN T V6L ..ottt 28
4. Phuong trinh quy vé& bac nhat, BAC Nl .......cceveeveevieveeeeeeeeeeeesee et 28
§3. PHUONG TRINH VA HE PHUONG TRINH........cooiiieeeeeeeeeeee e etesee e, 30
BAC NHAT NHIEU AN (1LT # 1BT)eitieetcieeeeeeeeteeetee et s st en s sn s en s 30
1. Phuong trinh BAC DAL RAT A1 .......voveeeeeeese e 30

2. Hé phuong trinh bac nhat hai AN .........cc.ovvevevereieieeeeceece e 30
3. Hé phuong trinh BAC DAL DA A1 ......c..cvveieieceieeeeeeee e 31
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4. BAT AP AP QUNE .o 31

ON TAP CHUONG IIL (1BT)....ouiveieeiieeesteeseseesie st es st tss s nes st en st ss st enseassnsessnens 33
ChUONZ L. VECTO ...ttt bttt se ettt b et 34
§1. CAC DPINH NGHIA (1LT + 1BT) cooveeeecieeeieeieecesteeste st eses s st tesss s s sensssesenssssnenes 34
i Vo1 o T T T TP TR PP R PPR PP 34

2. DO Al CUA MOL VECTO ..veiiiiiiriicii e ctie ettt ste et e st e e b e e s be e st e e sbb e e sbseesbesarbeesabeesareeans 34
I C 1T W od i T W 1 0T A=l o O 34

A, VECtO — KNONQ ..eivviiiiiiicie ettt et be e sb e b e sbe e beenbeenne s 34
5. Hai VECto CUNG PRUONE .ooivviiiiiiii ittt snnee e 34
6. Hai vecto cung hudng, nguoc hUONE........ccvviiiiiiiiiiii 35
7. Hai VECtO DANG NNAUL.......cvvieeveeeceeseeseestesessestesessesess s teses s s s essessese s sens s ses et ene st eneesensans 35
ST T TR T T Tl Lo PSP 36
§2. TONG VA HIEU CUA HAI VECTO (2LT 4 2BT) .etueieeeeeeeeeeeeeeeeeeeeeees e, 38
L. DINh NEhTa ..o 38

2. CAC NN ChAL. oot 38
IO To e LR E:Tol oy TP 38
4. VECtO AO1 CTIA MO VECTO 1.vrvveveeeeeeeeeeeeeeeeeeeeseeeteeeeeeeeseeeeeseeeesenseeses et ee et eeet et et e eseseseneneeneseens 38
5. Hi€U CUA DAL VECTO . .uiiiiiiiiiie ettt e e e s st e e e e e st e e e e st ae e e e s ennreeeeesannnenas 39
6. Bai toan dung veCtO RIGU .......eiiiiiiiiiii e 39
2O VTR E-To (5 SOOI 39
8. BT AP AP JUNQ .ottt ettt et r e r e ae e 40
§3. TICH CUA MOT VECTO VOI MOT SO (2LT 4 2BT) oo 42
Lo DINh NEITA ..o 42

2. CAC NN CHAL. v 42
T O Tole 11RO 42
4. Picu kién cing phuong clia Nai VECIO.........eveveeveeiceciceeeeesesee s sesseeeesseseeses et 42
5. Diéu kién dé ba diém thAng NANG..........c.coeveveeveeeeieeeeeeeeeesese et 42
6. Biéu thi mot vecto theo hai vecto khong cling phurong ...........cc.eveveecereereeerssssesresienenens, 43
7. BAL AP AP AUNE ..o 43
§4. HE TRUC TOA DO (2LT + 2BT) .ottt eeeeeee et en s enen e eenens 46
1. Truc toa do: (O, ?) NAY tTUC OX .ttt 46
2. Hé truc toa dd: (O,1,]) NAY h& truC OXY ouvurveviveeieeeeiieieeteieies st en sttt 46
3. BAT AP AP AUNE .o 46
ON TAP CHUONG I (IBT) ooviiieeieetseeeeeteee sttt en st eses st n sttt ens sttt enenssnans 50
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1. Cac phép toan: cong, trir hai vecto; nhan mot s6 VG MOt VECtO. ....vvvvrvvvereieeerisreienierenan, 50

2. CAC QUI EAC 1+ttt s et s et e et en et en e en e s et en et en s 50
3. T02 A0 CUA VECO VA GHEIM ...ooeoeeeceeeeee ettt 50
Chuong II. TICH VO HUONG CUA HAI VECTO .......ooeveeeeeeeereseseeesiesessiesessessssessessesssnssnens 52
§1. GIA TRI LUONG GIAC CUA MOT GOC BAT KY woveeeeeeeeeeeeeeeeeereeeeeseeeeesven s 52
OO R oL ] I ] = s ) TR 52
L. DINh NI ... 52

2. TR CRAL 1.voveececee ettt 52
3. Gia tr1 lugng gidc cua mot ) EOC AAC DI ... 53
i ST U T oI 100 101 o T PROPRSRS 53
§2. TICH VO HUONG CUA HAI VECTO (2LT 4 2BT) coveveieieeeeeeeeeseeeeseseees s, 56
1. GOC GITIA NAT VECLO ...veeieiiiiee ittt ettt ettt b et e e e e ne e nnne e 56
2. Tich vO hudng cla Al VECTO ......cicviiiiiiiiiiiii e 56
B THNR CRAL ettt ettt ettt ettt et ettt ettt ettt ettt ettt 56
4. Biéu thirc toa do cua tich vo RGN . 57
5. Khoang cach ifta hai GiEM...........co.evevrvciieieeeesesesseeseseseestess st essesses st 57
I ST TR EET O I= o I LT o PSSR 57
ON TAP CHUONG IT (IBT) covveieeiieetseiestesseseesee st esestsseses s senes s snes s sesssnss s nsssensssanens 62
1. Tich vO hUdNE €A 2 VECLO: 8,0 wovvevvvreeeiieeeiieeeeseeeeies st eses s et ees s s s s s tssnessenees 62

2. Biéu thirc toa d9 clia tich vo hudng 2 vecto: a=(X;y),0=(X;Y) coerrrrrrrrrrrreriersrrrirerernnes 62
3. D0 dA1 CUA VECOT 8= (X)) crvrrrrrereererrersrsisissssssssssssssssssssssasssssssssessessssssssasssssnssnsssassssenns 62
4. GOC gilta 2 VECto: @ =(X;Y),D = (X 1Y) crrrrrerrrrerrriestiseetesissesssssesessesesesses s tsssse s tesneesenenes 62
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